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Zirconium alloys are commonly used in nuclear fuel rod claddings due to their 
high ductility, good corrosion resistance, and low neutron absorption cross section. 
Among the most important weaknesses of zirconium alloys is their affinity for hydrogen, 
resulting in formation of hydrides in the cladding, and leading to embrittlement and 
mechanical failure. Despite numerous studies on hydride precipitation in zirconium 
alloys, the nucleation and formation path of stable  hydrides in   zirconium matrix are 
not yet fully understood.   
In this Ph.D. research project, two novel quantitative phase-field models were 
developed and utilized to advance our understanding of mechanisms of formation and 
evolution of hydrides in zirconium alloys. First, a phase-field model for unstable  
hydride precipitation was created to build on previous computational models by including 
the actual Gibbs free energy of formation of hydrides in the total free energy of the 
system. Results from isothermal simulations of seeded and random nucleation in single 
crystal α-zirconium matrix showed that the thickness of non-equilibrium hydrides varied 
with temperature during evolution, and the hydrides were more rod-like (thinner) at 
higher temperatures and thicker at lower temperatures. Quench simulations with random 
nucleation indicated that the majority of precipitation occurs at early stages of quenching, 
but the size and shape of hydrides change as the temperature decreases.   
The most detrimental phase of hydrides in claddings is the stable  phase. A 
multiphase model including the two metastable phases (  and ) and the  phase was 
created to determine the effects of the intermediate phases on the nucleation and 
morphology of  hydrides. Results from simulations both with and without applied 
strains indicated that the intermediate phases are influential in the initial formation and 




I would like to take the time to thank my Advisor, Dr. Mohsen Asle Zaeem, for 
his patience and aid in completing this research. His guidance has been integral in my 
development as a researcher and as a writer. He has also been an example to me in 
dedication to producing the highest quality of work possible.  
Each of my committee members has also been helpful during my PhD work. They 
were always available and willing to help me whether I had a question related to my 
research or a course they were teaching. Dr. Schwen was perhaps the most patient and 
deserving of gratitude, helping me to learn the MOOSE programming language and being 
available often when I had questions relating to either coding or phase field modeling 
both when I interned at Idaho National Laboratory and via email from Missouri. 
I would like to also express appreciation to Idaho National Laboratory for funding 
a significant portion of my PhD work, and to Dr. Michael Tonks now of Penn State for 
making that possible. Many of the MARMOT team members at INL were helpful during 
my time there, and I appreciate all of their time and patience. 
Finally, I would like to thank my family, especially my beautiful wife, Rachel, 
whose unwavering faith in my abilities helped me make it through the most frustrating 
times. I would also like to thank her for exceptional work as a wife and mother, as my 
faith in her abilities to care for our family while I worked on this degree brought me 
peace, knowing that the most important and happy part of my life would be waiting at 
home for me every evening.  
It is my sincere hope that my work up to this point and going forward will reflect 
well on all of these people, as I know they have each influenced me for the better.
  
vi
TABLE OF CONTENTS 
Page 
PUBLICATION DISSERTATION OPTION ................................................................... iii 
ABSTRACT ....................................................................................................................... iv  
ACKNOWLEDGMENTS .................................................................................................. v 
LIST OF ILLUSTRATIONS ............................................................................................. ix 
LIST OF TABLES ............................................................................................................. xi 
SECTION 
1. INTRODUCTION ...................................................................................................... 1  
PAPER 
I. A REVIEW ON HYDRIDE PRECIPITATION IN ZIRCONIUM ALLOYS ........... 5 
        ABSTRACT ................................................................................................................ 5  
    1. INTRODUCTION .................................................................................................. 6  
    2. EXPERIMENTAL STUDY OF ZIRCONIUM HYDRIDES ................................ 8 
2.1 SOLUBILITY AND ABSORPTION OF HYDROGEN IN ZIRCONIUM 8 
2.2 HYDRIDE CRYSTALLOGRAPHY ......................................................... 11 
2.3 HYDRIDE GROWTH AND RE-ORIENTATION ................................... 13 
2.4 MECHANICAL EFFECTS OF HYDRIDES ............................................ 16 
    3. COMPUTATIONAL STUDY OF ZIRCONIUM HYDRIDES .......................... 18 
3.1 STUDY OF ZR-H SYSTEM BY ATOMISTIC MODELING     TECHNIQUES ........................................................................................... 18 
3.2 FINITE ELEMENT MODELING OF DHC .............................................. 21 
3.3 PHASE FIELD MODELING OF HYDRIDE PRECIPITATES ............... 24 
    4. CONCLUSION .................................................................................................... 32 
         ACKNOWLEDGMENT.......................................................................................... 34 
         REFERENCES ........................................................................................................ 34  
  
vii
II.  A PHASE-FIELD MODEL TO STUDY THE EFFECTS OF TEMPERATURE CHANGE ON NUCLEATION AND GROWTH OF γ-HYDRIDES IN ZIRCONIUM ......................................................................................................... 44 
         ABSTRACT ............................................................................................................. 44  
    1. INTRODUCTION ................................................................................................ 46  
    2. PHASE-FIELD MODEL ..................................................................................... 49 
2.1 GOVERNING EQUATIONS .................................................................... 53 
2.2 POLYCRYSTALLINE Α-ZIRCONIUM .................................................. 54 
    3. RESULTS AND DISCUSSION .......................................................................... 56 
    4. CONCLUSION .................................................................................................... 65 
         ACKNOWLEDGMENT.......................................................................................... 66 
         REFERENCES ........................................................................................................ 66  
III. FORMATION PATH OF δ HYDRIDES IN ZIRCONIUM BY MULTIPHASE FIELD MODELING .............................................................................................. 71 
         ABSTRACT ............................................................................................................. 71  
    1. INTRODUCTION ................................................................................................ 73  
2.1 GOVERNING EQUATIONS .................................................................... 78 
2.2 NUCLEATION OF PRECIPITATES ........................................................ 79 
    3. MATERIAL PROPERTIES AND MODEL PARAMETERS ............................ 81 
    4. RESULTS AND DISCUSSION .......................................................................... 84 
    5. CONCLUSIONS AND FUTURE DIRECTIONS ............................................... 94 
         ACKNOWLEDGMENT.......................................................................................... 94 
         REFERENCES ........................................................................................................ 95  
IV. EFFECTS OF EXTERNAL STRESSES ON FORMATION AND SHAPE EVOLUTION OF ZIRCONIUM HYDRIDES BY A MULTIPHASE FIELD MODEL .................................................................................................................. 98 
          ABSTRACT ............................................................................................................ 98  
  
viii 
    1. INTRODUCTION ................................................................................................ 99  
    2. PHASE-FIELD MODEL ................................................................................... 101 
2.1 GOVERNING EQUATIONS .................................................................. 102 
    3. RESULTS AND DISCUSSION ........................................................................ 104 
    4. CONCLUSION .................................................................................................. 114 
         ACKNOWLEDGMENT........................................................................................ 114 
         REFERENCES ...................................................................................................... 114  
SECTION 
2. CONCLUSIONS AND FUTURE WORK............................................................. 117 
2.1 USING PHYSICAL VALUES FOR FREE ENERGY ............................ 117 
2.2 IMPORTANCE OF METASTABLE PHASES....................................... 117 
2.3 FUTURE WORK ..................................................................................... 117 
BIBLIOGRAPHY ........................................................................................................... 119 










LIST OF ILLUSTRATIONS 
SECTION              Page 
Fig. 1.1: Orientation of basal poles in Zirconium tubing and sheet encourages hydride growth in the circumferential direction, minimizing potential damage [2]. ........ 2 
Fig. 1.2: Fabrication process of Zirconium claddings [2]. ................................................. 4 
PAPER I 
Fig. 2.1: Terminal solid solubility (TSS) of H in Zr by Une et al. [26] ............................ 10 
Fig. 2.2: SEM image of dislocation loops around hydride taken by Carpenter et al. [59]............................................................................................................................. 15 
Fig. 3.1: DFT simulation comparing the driving force for precipitation of two hydride phases from Thuinet and Besson [74] ................................................................ 19 
Fig. 3.2: a) Random seeded γ hydride growth in all three orientations in a unitless 512x512 grid ...................................................................................................... 27 
Fig. 3.3: (a) SEM image of γ hydrides done by Bailey [5] and (b) quantitative phase field simulation results by Shi and Xiao [105] ........................................................... 29 
Fig. 3.4: a) Evolution of ζ hydrides without any applied stress at 4 at. % H and  b) 5 at. % [96] ..................................................................................................................... 31 
PAPER II 
Fig. 2.1: Dimensionless chemical free energy density as a function of concentration C and a single non-conserved order parameter ( i ) ............................................. 53 
Fig. 3.1: Length to thickness ratio of hydrides at various temperatures ........................... 59 
Fig. 3.2: Concentration ( C ) and order parameter maps ( 1 2 32 3    ) for hydride growth at different temperatures after nucleation and evolution for 0.003 s ..... 60 
Fig. 3.3: Maps for concentration  ( C ), order parameters ( 1 2 32 3    ), and principle and shear stresses (in Pa) for hydride growth at 623K ...................................... 61 
Fig. 3.4: Concentration map (Average concentration is 0.06 atomic fraction H)  of a quench simulation with temperature decreasing linearly from 630 K to 300 K ............................................................................................................................ 63 
Fig. 3.5: Final step of quench simulation (7 μm  by 7 μm) compared with water quench from 673 K by Bradbrook et al (approximately 9.7 μm by 5.3 μm) [45]. ......... 63 
  
x
Fig. 3.6: Concentration map for polycrystalline simulation at 573 K with grain map specifying misorientation angles between grains as the difference between given orientation of grains ........................................................................................... 64 
PAPER III 
Fig. 4.1: Single seed of ζ transforming to   then δ .......................................................... 86 
Fig. 4.2: Random nucleation of multiple hydride phases in the basal plane .................... 89 
Fig. 4.3: All six non-conserved order parameters are shown at the 0.2 second mark from Fig. 4.2 ............................................................................................................... 90 
Fig. 4.4: Stresses (GPa) and displacements (nm, images are shown with doubled displacements) caused by various phases at the 0.25 s mark ............................. 90 
Fig. 4.5: Random nucleation of the δ phase in a two phase α-Zr to δ-hydride transformation model in the basal plane ............................................................ 91 
Fig. 4.6: Random nucleation of multiple phases in the  1010  plane .............................. 92 
Fig. 4.7: Random nucleation of the δ phase in a two phase α-δ model in the  1010  plane............................................................................................................................ 93 
Fig. 4.8: Uniform hydride formation from Arunachalam et al ......................................... 93 
PAPER IV 
Fig. 3.1: Single seed of ζ transforming to γ then δ ......................................................... 106 
Fig. 3.2: Single seed of ζ transforming to γ then δ under an applied tensile hoop strain (horizontal direction) of 0.021 ......................................................................... 107 
Fig. 3.3: Various strains applied in circumferential direction ........................................ 107 
Fig. 3.4: Single seed of ζ transforming to γ then δ under a radial (vertical direction) compressive strain of 0.018 ............................................................................. 108 
Fig. 3.5: Single seed of ζ transforming to γ then δ under a shear strain of 0.02 with displacement shown ......................................................................................... 109 
Fig. 3.6: Stresses (In GPa) near the end of the unstrained simulation from Fig. 3.1 ...... 112 
Fig. 3.7: Two seeds under an applied tensile hoop strain of 0.02 ................................... 112 




LIST OF TABLES 
PAPER II              Page 
Table 3.1. Material parameters used in simulations for hexagonal close packed α-Zr matrix and face centered tetragonal γ-ZrH precipitates (elastic constants from [38-40]  and other parameters from [26]). ......................................................... 57 
PAPER III 
Table 3.1: Material properties used in simulations for all phases ..................................... 82 
PAPER IV 






Light Water Reactors (LWRs) are the most common type of nuclear power 
generation in the United States. For the core of LWRs, only materials with a very low 
neutron absorption cross section and good mechanical and corrosion properties can be 
used, such as stainless steel and zirconium alloys [1, 2]. All LWRs as well as the heavy 
water CANDU (Canada Deuterium-Uranium) reactors in the world currently use 
zirconium alloys. Zirconium is not as strong as steel and does not have the isotropic 
crystal structure of steel, but it has extremely low neutron absorption cross section (a 
factor of 15 times smaller than that of steel), which reduces the enrichment requirement 
of the fuel significantly compared to steel. It also has much better resistance to radiation 
induced by the high temperature water and void swelling caused by irradiation than steel. 
Despite these highly attractive properties, zirconium is highly reactive with hydrogen. 
Hydrogen enters the cladding material through radiolysis of the cooling water leading to 
the formation of hydride precipitates once the solubility limit is surpassed. Hydrides are 
extremely brittle, and can lead to crack propagation especially if oriented radially through 
the cladding tubes [1, 2].  
The most common phase of hydride found in cladding materials is the  phase 
(ZrH1.5-1.7). This phase forms thin platelets with the broad face in the basal plane of Zr. 
Thus in order to prohibit hydrides from forming in the radial direction, the fabrication 
process of Zr claddings produces textured materials with the basal poles oriented close to 
the radial direction as shown in Fig. 1.1 [2]. This material texture combined with the 




Fig. 1.1: Orientation of basal poles in Zirconium tubing and sheet encourages hydride growth in the circumferential direction, minimizing potential damage [2]. 
 The manufacturing process used to produce this texture involves initial hot rolling 
or forging at temperatures around 1050 ˚C. The material is then quenched to transition 
from  phase to  phase Zr. Tubes are then created through hot extrusion or in the case of 
sheets hot rolling is used. The final steps in tubing fabrication involve several tube 
reductions with intermediate anneals at low temperatures. Claddings are typically either 
fully recrystallized at 560 ˚C or are cold work stress relieved at 480 ˚C. The fabrication 
process is shown in Fig. 1.2 [1, 2]. 
 Many factors can have significant effects on the formation and growth of hydrides 
in Zr claddings. Grain boundaries, solubility limits, absorption rates, dislocation loops, 
and applied stresses can all have significant effects on the initial formation and potential 
reorientation of hydrides. In this Ph.D. research project, the objective was to study 
nucleation and formation mechanisms of hydrides by developing quantitative multiphase 
field models capable of simulating multiphase hydride precipitation. Phase field models 
created to study the Zr-H system previously have only included two phases, with only a 
single model published studying the stable   hydride phase [3-14]. None of these models 
have included physical values for the free energy of formation of the hydride phase, 
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instead using phenomenological approximations. Due to the fact that the majority of 
studies up to this point have been on   hydrides the first step for this research project was 
to develop a two phase model of   Zr and   hydrides using all available material 
properties. After the significance of using physical material properties was studied, the 
next step was to develop a multiphase model including the  ,  , and   hydrides to 
investigate the significance of the metastable   and   hydrides on the formation and 
shape evolution of   hydrides.  
The completed research and results of this project are included in four journal 
papers described in the following section. The first paper provides a concise summary of 
experimental and computational studies performed on hydride precipitation in zirconium 
alloys since the 1960’s. In the second paper a temperature-dependent phase-field model is 
developed to study the effects of temperature change on the growth of   hydrides in an 
  zirconium matrix using physical Gibbs free energies of formation. The third and 
fourth papers cover a multiphase field model developed to study the effects of metastable 
  and   hydrides on the nucleation and growth of the stable   hydrides in   zirconium 








I. A REVIEW ON HYDRIDE PRECIPITATION IN ZIRCONIUM ALLOYS 
Journal of Nuclear Materials 466 (2015) 12-20 
Jacob Bair a, Mohsen Asle Zaeem a,*, Michael Tonks b 
a Missouri University of Science and Technology, 1400 N Bishop Ave, Rolla, MO 65409 
b Idaho National Laboratory, 2525 Fremont Ave. Idaho Falls, ID 83401 
 
ABSTRACT 
Nucleation and formation of hydride precipitates in zirconium alloys have been an 
important factor in limiting the lifetime of nuclear fuel cladding for over 50 years.  This 
review provides a concise summary of experimental and computational studies performed 
on hydride precipitation in zirconium alloys since the 1960’s.  Different computational 
models, including density functional theory, molecular dynamics, phase field, and finite 
element models applied to study hydride precipitation are reviewed, with specific 
consideration given to the phase field model, which has become a popular and powerful 
computational tool for modeling microstructure evolution. The strengths and weaknesses 
of these models are discussed in detail.  An outline of potential future work in this area is 
discussed as well. 
 
 
 * Corresponding author:  Tel.: +1 573 341 7184; Fax: +1 573 341 6934. 





Zirconium (Zr) and its alloys have been used in nuclear fuel claddings and 
pressure tubes for more than 50 years, because of their low neutron absorption, and good 
strength and corrosion resistance at high temperatures.  Despite these desirable material 
properties, Zr alloys suffer from an important weakness.  During operation in nuclear 
power plants and in the storage period after usage, the Zr claddings are constantly being 
water-cooled. Oxygen from the water bonds with the outer layer of the cladding to create 
Zr Oxides, releasing Hydrogen (H) atoms, some of which enter the cladding. When the H 
concentration surpasses the terminal solid solubility limit of the Zr, hydrides are formed 
which lead to embrittlement and fracture through delayed hydride cracking (DHC).  
Examples of hydride related failure have been outlined in detail in recent papers [1, 2].  
Because of these problems, significant research has been conducted over the past 60 
years to better understand hydride formation and morphology.  The objective of this 
paper is to provide a concise review of experimental research and computational 
modeling efforts completed to this point on the subject of Zr hydrides. A more exhaustive 
review on experimental works done to this point can be found in a book on hydrides by 
Puls [3]. 
This review paper is organized as follows: in Section 2 a review on the 
experimental studies of Zr hydrides from the past 60 years is discussed; in Section 3 
computational research is discussed, starting from the atomic scale (Density Functional 
Theory and Molecular Dynamics) and working up to mesoscale models (Finite Element  
  
7
Models and Phase Field Models); in Section 4 some conclusions are drawn which include 





2. EXPERIMENTAL STUDY OF ZIRCONIUM HYDRIDES 
There are four known hydride phases in the Zr-H system: ZrH0.5-ζ, ZrH-γ, ZrH1.5-
1.7-δ, and ZrH2-ε.  The recently discovered ζ phase is metastable and is believed to be a 
transitional phase between α-Zr and δ or γ hydrides [4].  Previous speculations on the 
potential existence of the fourth phase (ζ phase) can be found in [5, 6] by Bailey and 
Carpenter.  Zhao et al. [4] hypothesized that the new phase may play an important role in 
the stress-reorientation of hydrides.  Several experimental studies have been performed to 
create an accurate phase diagram of the Zr-H system [7-15].  The ζ phase is not included 
in any phase diagram because it is metastable.  Since the early 1960’s, the stability or 
metastability of the γ phase has been debated [15-21], and some early phase diagrams 
contained the γ hydride phase.  Most current works agree that the γ hydride phase is 
indeed a metastable phase that is stable only under certain conditions [19-21].  The 
stability of γ hydrides is discussed in detail in section 2.2.  Most experimental work has 
been done on the γ and δ phases, which are most commonly credited with mechanical 
failures of claddings.  In the following subsections important results of experimental 
studies related to Zr hydrides and their effects on nuclear fuel rod claddings are 
discussed. 
 
2.1 SOLUBILITY AND ABSORPTION OF HYDROGEN IN ZIRCONIUM 
Due to losses in ductility and other negative effects of hydrides, many 
experiments have been done to determine the Terminal Solid Solubility (TSS) of H in Zr 
[2, 22-28].  The TSS is different for precipitation and dissolution of hydrides, so there are 
several papers that distinguish them by TSSP and TSSD, respectively.  Solubility of H is 
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important because hydrides can only precipitate after the solubility limit is surpassed.  
According to a review by Ells in 1968, the solubility of H drops drastically with 
temperature, from about 50 at% H at 500˚C to 0.7 at% H at 300˚C, and to around 10-4 
at% H at 20˚C [29].  These values differ somewhat from those found by more recent 
studies, and the 50 at% H at 500˚C is most likely a typo in Ells’ review paper, and is 
meant to be 5 at%.  More recent studies still show a significant increase in solubility with 
temperature [24-30].  This increase in solubility shows the necessity of thoroughly 
understanding the TSSP and TSSD of H in Zr and its alloys.  The results of previous 
experiments show that the TSSP changes very little due to alloying elements [22, 23], 
applied stresses [25], and irradiation of the material [26].  However, Carpenter and 
Watters performed an in situ study of the dissolution of hydrides, and found that the 
TSSD may increase by irradiation [30].  Another work done by Cann and Atrens [28] 
shows that extrapolations of data found by others at high H concentrations is relatively 
accurate for lower H concentrations.  Fig. 2.1 presents the results obtained by Une et al. 
[26] through Differential Scanning Calorimetry for TSS for precipitation and dissolution 
of hydrides in Zr.  Their results compared very closely with experiments done through 
other methods, such as those in [24-30].  According to their equation, the solubility of H 
at 500˚C is around 5.6 at%, at 300 ˚C it is 1.5 at%, and at room temperature it is 0.01 
at%.  
Because of the importance of the amount of H in the system, there are some 
studies on determining the fraction of H absorbed into the Zr matrix during oxidation of 
the fuel claddings. The fraction of H absorbed by the claddings is related directly to the 
rate at which H concentration increases past the point of solid solubility. Couet et al. 
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proposed a new technique for quantitatively determining H concentration in Zr alloys 
called cold neutron prompt gamma activation analysis [31]. They also recently showed 
that the ratio of H absorbed to total H generated in the corrosion reaction varies 
significantly with different alloying elements [32]. They found that Nb reduces H pickup 
while Cu increases it. It was also determined that coarser ZrFe2 or ZrCr2 precipitates 
reduce H pickup. In general, the fraction of absorbed H increases with exposure time. 
The results found by Couet et al. confirmed and expanded some previous studies [33-35].  
These conclusions could become important in creating alloys which are more resistant to 
H pickup, resulting in less hydride formation and increasing the lifetime of claddings.  
For this reason, more research should be done to identify the factors that could reduce H 
absorption in the cladding materials; including the use of alloying elements or secondary 
precipitates that can potentially decrease H absorption.  For example, finding the 
optimum amount of Nb and the optimum size of Zr(Fe, Cr)2 precipitates that can provide 
the maximum protection against H absorption while maintaining sufficient mechanical 
properties, could be an important study which can help improving current cladding 
materials. 
 
Fig. 2.1: Terminal solid solubility (TSS) of H in Zr by Une et al. [26]. They found very little differentiation between their studies and other experimental work in finding the terminal solubility of H in Zr. 
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2.2 HYDRIDE CRYSTALLOGRAPHY 
It has been shown by experiments that the four phases of Zr Hydrides have 
different crystal structures. δ hydride and ε hydride are stable Face-Centered Cubic 
(FCC) and Face-Centered Tetragonal (FCT) phases, respectively [4].  γ hydrides are FCT 
and ζ hydrides are trigonal. The majority of experimental studies done to date have been 
on δ and γ phases, since they are the phases most liable for embrittlement and fracture of 
materials. Although they differ in crystallography, both the δ and γ phases grow in 
similar directions within the Zr matrix.  The direction of growth has been determined to 
be 1120   , but conflicting data has been collected on the habit planes.  These hydride 
phases grow in the form of plates, and the broad side of the plate which is parallel to the 
crystallographic plane in α Zr is called the habit plane.  Weatherly [36] found that γ 
hydrides form as acicular plates having  10 10  or  10 1 L  habit planes, where 7L  . 
Westlake [37] found that the preferred habit plane of an unspecified phase of hydride ( 
probably δ from the sample preparation) is  10 17  in Zircaloy 2 and 4, and it is  10 10  
in pure Zr. Other possible δ hydride habit planes reported in the literature are 10 12 , 
 1121 , and  1122  [38],  10 11 [39], and the basal plane  [40-45].  Singh et al. noted 
that temperature may have an important effect on which planes are the habit planes [41].  
These discrepancies are briefly discussed by Kim et al. [46],  speculating that DHC 
growth patterns and notch directions indicate that the  10 17  plane is the most probable 
habit plane. 
The fraction of δ and γ hydrides is related to the H concentration and cooling rate 
of the Zr.  A higher H concentration and/or a slower cooling rate will lead to production 
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of more δ hydrides, and the opposite will lead to more γ hydrides [47-49].  The 
possibility of formation of each of these two hydride phases has also been linked to 
oxygen concentration by Cann et al. [50], who stated that higher amounts of oxygen 
impurity led to higher δ fractions, and low oxygen impurity favors γ hydrides.  They also 
found that the hydrogenation technique, grain size, and prior heat treatments had no 
effect on the phase of the hydrides formed.  Studies by several other researchers have 
indicated that γ hydrides may be a stable phase at temperatures below 250˚C [15-18], and 
a work by Root et al. in 2003 show that δ to γ phase transformation can occur very slowly 
at low temperatures [16].  However, in 2004, Lanzani and Ruch found that γ is a 
metastable phase at least in low purity Zr, and no δ to γ transformation could be obtained 
[20].  In a recent paper on the effects of yield strength on hydride phase stability, Tulk et 
al. [19] referenced several other studies that found γ to be a stable phase, but they realized 
that after heating to the H dissolution temperature, no δ to γ phase transformation could 
be observed [19, 21], though they also found that the stability of the γ phase could be 
related to several factors related to the matrix material.  Their observations would 
indicate that except under certain unknown conditions created in those experiments 
showing δ to γ phase transformation, the γ phase is indeed metastable.  Due to the 
relatively slow cooling rates in the nuclear fuel rod claddings during operation, we can 
conclude that the δ hydride formation causes the majority of DHC under the actual 
operating conditions. However, it may still be important to understand if there are 
conditions under which γ hydrides become stable.   
Therefore, continued research on possible temperature effects on habit planes and 
on conditions of stability of γ hydrides could both be useful in furthering the progress of 
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understanding Zr hydrides and their effects on claddings. In their recent paper, Singh et 
al. stated that a study for investigating the effects of temperature was underway at that 
time, and could be completed in the near future [41]. The possibility of stability of γ 
hydrides under special conditions could be tested by attempting to recreate those 
experiments where the δ to γ phase transformation was observed and noting any 
differences in sample preparation. It appears that in the experiment by Root et al. the 
initial condition for the experiment involved nearly completely γ hydrides [16], which 
were then heated past the dissolution temperature and reprecipitated as δ hydrides. It is 
possible that dislocation loops and memory effect could have influenced the experiment 
to create the transformation from δ to γ or it may be some other factor, this should be 
investigated further. 
 
2.3 HYDRIDE GROWTH AND RE-ORIENTATION 
 It has been shown that hydrides tend to form preferentially along grain 
boundaries where grain boundaries are aligned with the habit plane of the hydrides [47, 
51, 52].  Thus, grain boundary orientations seems to have a significant effect on whether 
or not intergranular hydrides form [52].  Experimental studies by Mani-Krishna et al. 
have suggested that using low Coincidence Site Lattice (CSL) boundaries can potentially 
reduce hydride precipitation [53, 54].  Their findings also suggest that in Zr alloys with a 
β phase present, hydrides would preferentially precipitate on an α-β interface in the α 
matrix.  It is also shown that externally applied stresses affect the direction of hydride 
growth, while without stresses, only the 1120    directions are available for hydride 
growth, hydrides prefer to grow along the direction which is perpendicular to the tensile 
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stress or parallel to compressive stress [36, 55].  Puls [55] found that hydrides near a 
fracture surface were always oriented with plates perpendicular to the applied tensile 
stress.  He also found that hydrides tend to fracture transversely, similar to findings of 
Beevers and Edmonds in 1969 [56].  Qin et al suggest that solute segregation may be 
used to lower grain boundary energy and reduce the effect of grain boundaries on 
precipitation [57].  Their results also indicate that a stronger α Zr matrix would reduce 
precipitation along grain boundaries. 
Hydride orientation plays an important role in the embrittlement of the cladding; 
radially oriented hydrides have been shown to be much more detrimental to mechanical 
properties than circumferentially oriented hydrides.  Hydride reorientation becomes 
important during the transition of nuclear fuel rods between wet and dry storage; during 
this transition, many of the hydrides are dissolved into the matrix as the temperature rises 
above the dissolution temperature and then precipitate again upon cooling.  Colas et al. 
[27, 58] used in situ transmission diffraction experiments to find the hydride precipitation 
and dissolution temperatures, and also determine the generated stresses in re-orientation 
of hydrides; the data they obtained was again reasonably close to the results obtained 
through previous ex situ works. There is some memory effect believed to be caused by 
dislocation loops, which form during the initial phase change as seen in Fig. 2.2. These 
dislocation loops may be very important in whether the hydrides reorient or not during 
this transition [27, 58-60]. Studies by Colas et al have found threshold stresses for this 
reorientation [27, 58, 60, 61].  Their results indicate that δ precipitates forming under no 
applied load are elastically strained in compression in both the rolling and transverse 
directions due to the lower density of hydrides.  Under an applied load, they found that 
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re-oriented δ hydrides start precipitating with high compression strains in the transverse 
direction.  Their results also indicate a different strain state for re-oriented hydrides than 
that of circumferential hydrides.  Another important finding of these experiments was a 
large effect of thermomechanical cycles on hydride re-orientation.  As the number of 
cycles increased, the fraction of re-oriented hydrides greatly increased and connectivity 
and size of hydrides changed drastically, becoming larger and more connected [58].  
These studies also found a distinct x-ray diffraction pattern on reoriented hydrides.  
Further research could be done on the conditions required for hydride orientation, such 
that procedures can be established for handling used fuel rods that minimize 
reorientation. 
 




2.4 MECHANICAL EFFECTS OF HYDRIDES 
Hydrides are known to be extremely brittle at all temperatures [62].  Simpson and 
Cann found that the strength of the α-Zr matrix has a strong effect on the toughness of Zr-
Zr hydride two phase mixtures [62].  They came to the conclusion that improvement in 
fracture toughness of Zr-2.5 wt% Nb above 150˚C is more related to the reduction in the 
yield stress of the Zr phase than to any improvement in the hydride phase; because, the 
lower yield stress of the Zr phase prohibits reaching any stress level large enough to 
fracture the hydride phase.  A recent study by Kubo et al. [63] found that ductile fracture 
occurs above 200 ˚C, because of a lower ultimate tensile strength of the Zr matrix, which 
confirms the work done previously by Simpson and Cann [62].  The ductile to brittle 
transition temperature of Zr has been shown to be directly correlated to the precipitation 
of hydrides by Huang and Ho [64], and although brittle fracture at room temperature was 
only seen in Zr with over 2000 ppm of H, a noticeable loss of ductility was seen starting 
at very low H concentrations by Bertolino et al. [65].   
In a review on environmentally induced cracking of Zr alloys, Cox mentioned that 
DHC has the largest economic impact of any of the Zr alloy failure processes [66].  He 
also stated that unlike DHC in Titanium alloys, DHC in Zr can only occur through 
hydride precipitates. In 1980, Cann and Sexton [67] showed that hydrides tend to form 
near crack tips, and then they fracture to increase the crack size, leading to the formation 
of new hydrides on the new tip and repeating the process.  This again shows that DHC in 
Zr can only occur through hydride precipitation. In 1989,  Eadie and Ellyin [68] found 
that hydride precipitation in a plastic zone at a crack tip leads to a compressive zone just 
at the crack tip and extends the tensile plastic zone past the crack tip significantly.  The 
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compressive zone at the crack tip would suppress fracture, which also helps to explain 
why hydrides at a crack tip exhibit higher fracture toughness than bulk hydrides.  
The tensile zone could explain why hydrides grow to a critical length at crack 
tips, because H tends to migrate to the tensile strained areas. Singh et al. [69] found that 
DHC rate increases with increasing temperature, potentially due to the increase in H 
diffusivity and solubility.  Perovic et al. [70] found that the direction of hydride formation 
could be controlled to some extent in the fabrication process, which can be used to limit 
the effects of DHC.  As mentioned previously, radially oriented hydrides have been 
shown to be more detrimental to mechanical properties and DHC.  Therefore a cladding 
fabricated to have more circumferential precipitates will have less likelihood of 
reorienting those hydrides to radial during the transition from wet to dry storage.  Perovic 
et al. also concluded that DHC could be somehow controlled if the retained β phase in Zr 
could be made to remain stable through a stress relief heat treatment process. 
Though much has been learned through experimental work on hydride 
precipitation in Zr alloys, there are several aspects of the formation, morphology, and 
evolution of hydride precipitate in Zr that can be elaborated through modeling 




3. COMPUTATIONAL STUDY OF ZIRCONIUM HYDRIDES 
The versatility and cost effectiveness of computational models have led them to 
become very important tools in studying nano- and microstructures of materials in the 
past couple of decades as computational efficiency has improved.  Because of the 
growing importance and interest in computational modeling and its role in designing 
materials, the remainder of this review will focus on computational modeling techniques 
applied to Zr hydride.  First, atomic or nano scale models will be discussed, and later, the 
mesoscale models for studying the microstructures of Zr hydrides will be reviewed. 
 
3.1 STUDY OF ZR-H SYSTEM BY ATOMISTIC MODELING TECHNIQUES 
Density Functional Theory (DFT) based on first principals is a computational 
modeling method used to study materials at the atomic scale.  By using functions of 
electron densities, DFT is able to study many atomic interactions in a material at a 
relatively low computational cost, making it an efficient method for studying the 
interactions between small groups of atoms.  Using DFT calculations, Domain et al. [71] 
were able to confirm that H atoms occupy tetrahedral sites preferentially in low 
temperature Zr.  This is different than most metal-H systems, where H atoms prefer 
octahedral sites.  They also determined that H atoms diffuse along the c axis jumping 
between tetrahedral and octahedral sites. In another DFT study, Blomqvist et al. [72] 
determined some of the thermodynamic properties of the three main hydride phases using 
the structures identified in other papers. They found the elastic constants and free energy 
of formation at several temperatures as well as the phonon band structures.  These results 
are confirmed in a recent DFT study done by Olsson et al. [73].  In order to calculate the 
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free energies using ab initio models, a statistical approach using the full phonon density 
of states and the thermal electron excitations was used.  The approach is commonly 
referred to as the quasi-harmonic approximation and the method to calculate free energies 
is described in detail by Olsson et al. [73].  The chemical driving forces (the change in 
free energy from α-Zr to precipitate) to precipitate γ and ζ hydrides at several 
temperatures were compared by Thuinet and Besson, as shown in Fig. 3.1 [74].  They 
found that ζ hydrides may nucleate initially due to a lower interfacial energy than that of 
the γ phase. 
 
Fig. 3.1: DFT simulation comparing the driving force for precipitation of two hydride phases from Thuinet and Besson [74].  sshx  is the amount of H in solid solution. 
Recently, Burr et al. studied the effects of second phase particles on the H 
absorption of Zr alloys by DFT calculations [75, 76]. Their results showed that certain 
Zr-rich second phase particles, such as Zr3Fe, Zr2Ni, Zr2Cu, and Zr3Sn, provide lower 
energy sites for H accommodation.  This conclusion would indicate that these precipitates 
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could potentially be used as H sinks and decrease the H availability for hydriding.  They 
also found that more common second phase particles such as Zr2(Fe, Ni) in Zircaloy-2 
and β-(Zr, Nb) precipitates have a H affinity similar to α-Zr,  and would not work well as 
H getters.  Zr(Cr, Fe)2 found in Zircaloy-4 would be unlikely to accommodate any H, 
because the solution enthalpies are much higher than those of α-Zr.  This suggests that 
though Zircaloy-4 exhibits a lower H pick-up fraction than Zircaloy-2, it is not due to 
second phase particles.  The lower Ni content of Zircaloy-4 leads to lower H pick-up, 
though the reason for this is still not well understood. 
DFT is useful for studying crystal structure and properties in the nanoscale, but to 
include more than just a few hundred atoms another approach must be used.  The next 
scale up from DFT is Molecular Dynamics (MD), which while still nanoscale, allows 
thousands of atoms to be simulated.  There have been very few studies done on Zr 
hydrides through MD because there are not currently very good interatomic potentials for 
the Zr-H system; Noordhoek et al recently made one that works for hydrides [77], others 
made for the Zr-H system do not work as well [78-80].  Zhu et al. completed a study in 
2010 on the ductility of the four hydride phases [81].  Their research indicated that the ζ 
and γ phase hydrides are actually more ductile than α-Zr, while the other two are 
significantly more brittle, δ phase being the worst.  They also found that all four phases 
have negative formation enthalpies at ambient pressure indicating that all four phases are 
thermodynamically stable.  Only the δ phase was found to be stable for all of the pressure 
range studied.  Their conclusion that δ hydrides are the most brittle phase is supported by 
a DFT study done by Udagawa et al. [82], who found that δ hydrides are more prone to 
brittle fracture than iridium, which is an extremely brittle material. 
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MD was also recently used to simulate H diffusion in Zr hydrides at temperatures 
between 1000 K and 6000 K by Yanilkin [83].  In this work, an Arrhenius equation 
relating the diffusion of H to temperature was developed.  Lower temperature diffusion 
rates as well as some material properties such as stiffness constants and lattice parameters 
were studied in 2012 by Siripurapu et al [84].  They found that the diffusion of H differs 
in different directions, being higher along the 1120    and 01 10    directions.  Diffusion 
coefficients were also higher under compressive strain than tensile strain.   
In order to continue improving the other higher scale models, DFT calculations at 
different temperatures (commonly called ab initio MD – AIMD) can be used to determine 
important factors influencing the hydride precipitation and growth, such as stable crystal 
structures of hydrides at different temperatures, and interfacial energies between different 
type of hydrides and the matrix of different phases. 
 
3.2 FINITE ELEMENT MODELING OF DHC 
The Finite Element Method (FEM) has been used to solve kinetic models of DHC 
propagation in the microscale.  FEM has been proven as a powerful tool for solving the 
complex equations of cracking over a micro scale area, by breaking the domain down 
into many smaller sub-domains and solving for the primary variables iteratively.  DHC 
has been extensively studied by various methods, and there are currently two differing 
views for its origins, each of which has been modeled using FEM by different 
researchers.  The first view was originally suggested by Dutton and Puls [85-87], which 
states that DHC is caused by the stress driven flow of H to a crack tip, leading to the 
formation of hydrides, and these hydrides fracture when a critical length is reached 
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creating a new tip for the process to start again. This view has recently been called the 
Diffusion First Model [87].  The other view for the origin of DHC was developed by Kim 
et al. [88, 89] over the past fifteen years claiming that DHC happens when hydrides form 
in stressed regions such as crack tips, creating a difference in concentration of H between 
stressed and unstressed regions. This concentration difference is the driving force 
outlined by Kim for the growth of hydrides to the critical length.  McRae et al. [87] 
recently called this view the Precipitation First Model. 
Dutton and Puls developed a model which assumes that the average crack velocity 
is equal to the growth rate of the hydride at the crack tip.  The growth of the hydride at 
the crack tip is related to the flow of H to the crack tip, which is driven by the action of 
the stress gradient at the crack tip.  This original model did not account for the fact that 
the DHC propagation is intermittent, because the hydride only fractures when it reaches 
the critical size, and then must again grow to the critical size once the crack propagates 
[90].  Several models have been made based on the original Diffusion First Model.  The 
most recent version of this model was developed in 2010 by McRae et al. [87], where 
FEM was used to solve the following equations: 
oC CJ D C RT            ,    (1) 
and 
    
CJ t
    ,     
 (2) 
with a crack velocity of, 
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(3) 
In the above equation, J  is the flux of H, o  is an arbitrarily assigned reference 
state chemical potential defined as the bottom of the potential well in which H sits in 
solid solution (which is dependent on stress), C  is the concentration of H in solid 
solution,   is the activity coefficient, a  and b  are the inner and outer radii of the 
cylinder, k  is a proportionality constant,  is related to the potential and radius of the 
crack, and R  and T  are the ideal gas constant and temperature, respectively.   
Kim et al. [88, 89] in recent years has provided an alternative model claiming that 
the previous view on the origin of DHC has flaws in several ways.  They claim that H 
diffusion from the bulk to the crack tip under the stress gradient is not possible in a 
closed system such as the Zr-H system, where H would be unable to move from the bulk 
to the crack tip without a concentration gradient.  Their alternative model claims that the 
first step in DHC is the precipitation of hydrides at the crack tip when stresses cause the 
temperature of precipitation to rise and the concentration of precipitation (Cp) to 
decrease.  Then once the hydride has precipitated, a concentration gradient between the 
bulk and the hydride is created.  This gradient draws more H to the crack tip, since the 
crack tip has the lower H concentration, increasing the size of the hydride until the 
critical size is reached.  Since the model presented by Kim does not involve a stress 
gradient, McRae et al. [87] presented the flux equation for Kim’s model, which is the 
following equation: 
J D C   ,      (4) 
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and the crack velocity becomes: 
        2lntc t k T DT C b C aba
      .    (5) 
More detailed explanations of the mathematics involved in both models can be found in 
the paper by McRae et al. [87]. 
A thorough review of the results of the original model of Dutton and Puls as well 
as the newer model presented by Kim is provided by Puls in [86] with full mathematical 
expressions and arguments for why the Diffusion First Model is better suited for the task 
of modeling DHC.  McRae et al. came to a similar conclusion in their work in 2010 [87], 
stating that no experimental evidence has been found to date indicating any lowering of 
Cp due to tensile stress.  Without a decrease in Cp, the model proposed by Kim would be 
impossible.  However, in 2010, Kim published a paper again criticizing the original 
model, stating its flaws and showing that there is still no definite conclusion as to which 
model is more accurate [89]. 
Kinetics models, such as those presented in the section, are useful in studying the 
possible mechanisms of the DHC reaction.  However, these models cannot simulate the 
nucleation, evolution, and morphology of the hydrides, which lead to cracking, and a 
more advanced mathematical model combining the thermodynamics and kinetics is 
necessary. 
 
3.3 PHASE FIELD MODELING OF HYDRIDE PRECIPITATES 
A powerful computational modeling technique capable of simulating unstable and 
stable microstructures of materials is the phase field method.  In recent years, γ hydride 
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precipitation has been simulated through phase field modeling by different researchers [4, 
91-97].  The phase field models use conserved and/or non-conserved field variables, 
which are continuous across interface regions between phases, to simulate the evolution 
of composition and/or crystal structure over the spatial domain, respectively [98, 99].  
The conserved and non-conserved field variables are controlled and evolved by applying 
temporal and spatial evolution, governed by the Cahn-Hilliard non-linear diffusion 
equation and the Ginzburg-Landau relaxation equation, respectively.  The coupling of 
these equations minimizes the total free energy of the system.  A thorough review of the 
Landau theory of phase transformation and Ginzburg-Landau theory can be found in 
Mamivand et al. on phase field modeling martensitic phase transformations [100].  A 
conceptual background of the phase field method and general advances in this field were 
presented by Emmerich [101] in 2008, and a thorough review article about the phase field 
method in relation to microstructure evolution was written in 2008 by Moelans et al. 
[102].  Phase field models require fundamental thermodynamic and kinetic data from 
either experiments or atomistic models.  With these parameters, a phase field model is 
able to predict the morphology and microstructure of a material system without explicitly 
tracking the interface positions [103, 104].  This predictive capacity of the phase field 
method makes it an attractive supplement to expensive experimental studies, as well as a 
critical modeling scale up from DFT and MD simulations.   
The free energy used in the two-dimensional (2D) phase field models of γ hydride 
precipitation by Shi et al. [105]and others [92-95, 97] is as follows: 
C elF F F  ,      (6) 
where, CF  is the chemical free energy, and elF  is the elastic energy as follows: 
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 (8) 
In Eq. (7) and Eq. (8), p  represents the order parameters for each of the three 
orientations of γ hydride precipitates possible for a 2D model in the basal plane, C  is the 
concentration of H, 1C  and 2C  are the concentration of H in the matrix and precipitate, 
respectively, p  and   are the gradient energy coefficients, and 1A  to 7A  are constants.  
Eqs. (6)-(8) are used in several dimensionless phase field modeling studies of hydride 
precipitation in Zr alloys. Zhong and Macdonald determined the Gibbs free energy of 
formation of γ hydrides as a function of temperature in 2012 [106], this could be used to 
improve the phenomenological free energy functional created by Shi et al. in future 
studies.  For the elastic energy, elF , several variations of Khachaturyan’s theory have 
been used similar to that shown in Eq. (9) [107, 108].  These models have used 
transformation strains and H diffusion strains determined by experiments, such as those 
found by Carpenter et al. in 1973 [59], and the elastic constants of Zr to define the elastic 
portion of the free energy equation.  
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Each of these models has used the Ginzburg-Landau and Cahn-Hilliard governing 





     ,     (10) 
2C FM noiset C
      ,             (11) 
where pL  and M  are the structural relaxation and diffusional mobility coefficients 
respectively.  
The first phase field models created for this system were simple single grain non-
dimensional maps of the growth shape and direction of γ hydrides with and without a 
uniform applied load; there was no relation between the models and actual physical 
domains and properties, and these models were only used to study morphology 
phenomenologically.  A representation of the results from these first models are shown in 
Fig. 3.2 [91].   
   




Some other dimensionless phase field modeling studies using a similar free 
energy have also been done for bicrystalline Zr  [92], for non-uniform applied loads [93], 
and for a specimen with flaws such as a crack [94, 95].  Modeling of cracks was 
accomplished through adding plasticity to previous models driven by a reduction in 
distortion strain energy using a variation on the classic Prandtl Reuss theory [109].  Some 
assumptions were made to accomplish the addition of plastic deformation: no plastic 
deformation was considered within hydride precipitates, and the plastic strain during 
nucleation of hydrides was zero throughout the system.  Distortion strain energy was 
derived based on the deviatoric strain rather than the stress free strain.  Evolution of the 
plastic zone is solved using the following Langevin equation: 
   , ,p disij p ijkl pkl pr t ENt r t     ,                     (12) 
where ijklN  is a kinetic coefficient characterizing the structural evolution rate of plastic 
deformation, disE  is the distortion strain energy, and pij  is the plastic strain.  The 
results of these simulations were in qualitative agreement with the results from 
experimental studies, showing hydride preference for growth near grain boundaries and 
growth perpendicular to applied strain.  However, they were unable to show real time and 
length scales, and also were lacking any temperature change.   
Shi and Xiao have recently completed a phase field study with a temperature 
dependent model of single grain γ hydrides, although some key parameters including 
interface energy between hydride and matrix, temperature gradient, and adding the δ 
phase are still lacking [105].  This phase field model also still has several 
phenomenological parameters in the Landau free energy polynomial used to develop the 
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model.  While it has room for improvement, this most recent model is able to compare 
relatively well with experimental hydride lengths found by Bailey [5].  Their simulation 
results are shown with Bailey’s experimental results in Fig. 3.3; the average length of the 
hydrides in the simulation was 1.18 μm and in the experiment it was 1.31 μm. 
 
Fig. 3.3: (a) SEM image of γ hydrides done by Bailey [5] and (b) quantitative phase field simulation results by Shi and Xiao [105]. The side length on both images is around 4 μm. 
The evolution of the more recently discovered ζ phase has been simulated by 
Thuinet et al. using only the Cahn-Hilliard equation, without including the Ginzburg-
Landau equation [96, 110].  Due to the fact that there is only one eigenstrain for ζ-phase 
precipitates, no non-conserved order parameters are necessary to simulate the 
precipitation of ζ phase.  The three orientations of the ζ-phase precipitates come from the 
inhomogeneity of elastic constants between the precipitates and the matrix. The elastic 
tensors of the phase field must then be calculated iteratively which increases the 
computational time.  This method has been proven to be effective in several studies on 
microstructures with significant elastic inhomogeneities [111-113]. Results of Thuinet et 




coefficient in the trigonal stiffness matrix.  They found that their results could not be 
duplicated using homogeneous stiffness matrices, creating simple circles rather than the 
observed rods.  The apparent dependence of ζ hydrides on the inhomogeneous stiffness is 
interesting because phase field models of γ hydride growth have indicated that expected 
rod shape of γ hydrides is predicted by the eigenstrains and using homogeneous stiffness 
matrices [92-95, 105, 114].  Thuinet et al. model uses a double well chemical free energy 
equation as follows: 
       2 4hom 21 1, ,2f c A c r t c c r t cc        ,   (13) 
where c  is 1 22
c c , c  is the difference between phase concentrations, and A  is the free 
energy scale parameter.  Other equations used in the model are similar to those used in 
simulating γ hydrides.  Thuinet et al. were able to use interfacial energies from their ab 
initio studies previously done for ζ hydrides [74].  Their simulations show similar results 
for the ζ hydrides as were found for γ hydrides in relation to applied strain. Fig. 3.4 
shows ζ hydrides growth with no applied strain at different H concentrations. Simulations 
were also done with an applied stress which reoriented the hydrides as expected. 
All of the mentioned phase field models simulating γ or ζ precipitates, with the 
exception of the recent model by Shi and Xiao [105], have been non-dimensional 
isothermal phenomenological models. These models are useful only for the purpose of 
understanding the shape evolution of hydrides, and they cannot provide the actual size or 
time dependent evolution of hydride precipitates. The model by Shi and Xiao is also 
missing some key parameters necessary to improve its accuracy and should also be 
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improved to involve temperature gradient so that simulations could be done for actual 
operating and storage environments. 
Phase field modeling could also be used to shed light on the argument between 
different theories about how DHC occurs. Since the phase field model is coupled to the 
constitutive equations of mechanical behavior of the material, at any point in time, it 
determines the maps of stress and H concentration for the entire modeling domain.  By 
introducing an initial crack in the model, the model can be used to see what the first step 
of DHC is. Experimental work should be used simultaneously to verify each progressing 
model and potentially provide more accurate material parameters to improve the models. 
 




In this article, we reviewed both experimental and computational studies on the 
formation and growth of hydrides in Zr alloys.  Experimental research has provided 
important information about the structure of hydrides, their formation and reorientation, 
solubility and absorption of H, and the effects of DHC on cladding materials.  However, 
there is still much to be learned.  H absorption rate is crucial to the lifetime of claddings, 
and further research should be done to investigate the possible alloying elements or 
precipitates (such as those identified as possibilities in the DFT work by Burr et al [75]) 
that can be used to reduce absorption.  The current experimental work has not provided a 
clear understanding of habit planes, or a definite conclusion on the stability of γ hydrides.  
These longstanding debates should be studied further to determine what may have caused 
a δ to γ phase transformation, as well as a possible temperature effect on habit planes.  
Grain boundaries may also play a significant role in the growth of hydrides, and further 
studies are needed to determine energies, orientations, and other important data which 
could promote or halt hydride precipitation. It is also important to better understand the 
possible factors that control reorientation of hydrides; this understanding will help to 
reduce the risk of reorientation of hydrides to the radial direction during the transition of 
used fuel rods to storage.  
Existing experimental data on hydride precipitation in Zr alloys provide an 
important foundation to improve the development of quantitative computational methods 
for accurate prediction of the formation and evolution of hydrides, and also elucidating 
the mechanics of DHC. Future experimental data is necessary to provide important 
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thermodynamic and kinetic information by the simulation approaches, and also to verify 
the computational results.   
There are a few computational works on hydride precipitation in Zr and Zr alloys. 
At the electronic scale, DFT calculations were used to verify H occupation sites, free 
energies of different phases, H absorption, and some other important phenomena. At the 
atomistic scale, MD simulations were used to find H diffusion in precipitates. At the 
mesoscale, some models have been created to simulate DHC, and phase field models 
have been developed to qualitatively simulate hydride growth and morphology of the ζ 
and γ phases. Further atomistic modeling efforts need to be undertaken to provide 
unknown interfacial energies of the hydride-hydride and hydride-Zr interfaces, grain 
boundary energies of polycrystalline Zr and Zr alloys which can be influenced by H 
concentration, and the mobility coefficients. These are necessary input data for mesoscale 
models of hydride microstructural evolution, such as phase field models.  Once these data 
are obtained, mesoscale phase field models could be created which do not use any 
phenomenological parameters.  Current phase field models developed to study hydride 
precipitation in Zr alloys are mostly phenomenological models considering isothermal 
conditions, which cannot simulate the actual size or time dependent evolution of hydride 
precipitates. The free energy functional of the phase field models needs to be connected 
to the thermodynamics and temperature-dependent formation energy of different phases. 
This will enable simulating hydride precipitation in a temperature gradient, as well as the 
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II. A PHASE-FIELD MODEL TO STUDY THE EFFECTS OF TEMPERATURE CHANGE ON NUCLEATION AND GROWTH OF γ-HYDRIDES IN ZIRCONIUM 
The following paper has been submitted to the Journal of Physics D for 
publication and is currently under review. 
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ABSTRACT 
A temperature-dependent phase-field model is developed to study the effects of 
temperature change on the nucleation and growth of γ-hydrides in an α-zirconium matrix. 
To construct the temperature-dependent free energy functional of the phase-field model, 
Gibbs free energies of formation from previous experiments are employed, and one 
conserved and three non-conserved phase-field variables are used for hydrogen 
concentration and hydride orientations, respectively. The mixed order evolution 
equations of phase field variables coupled with mechanical equilibrium equations are 
solved in a finite element framework. Results from isothermal simulations of seeded and 
random nucleation in single crystal α-zirconium matrix show that the thickness of non-
equilibrium hydrides varies with temperature during evolution, and the hydrides are more 
rod-like (thinner) at higher temperatures and thicker at lower temperatures. Quench 
simulations with random nucleation indicate that the majority of precipitation occurs at 
early stages of quenching, but the size and shape of hydrides change as the temperature 
decreases. Simulations from random nucleation of hydrides in a polycrystalline α-
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zirconium matrix show a higher concentration of precipitates along high angle grain 
boundaries. 
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Zirconium (Zr) alloys are commonly used in nuclear fuel rod claddings.  Their 
high strength at high temperatures, good corrosion resistance, ductility, and low neutron 
absorption make them favorable choices for nuclear applications.  However, they suffer 
some important weaknesses during nuclear power plant operation and during used fuel 
storage.  Claddings are constantly water cooled during operation and for several years in 
storage.  The cooling water reacts with the cladding and results in forming of an oxide 
layer and releasing Hydrogen (H), a portion of which enters the cladding [1]. Once the 
solubility limit of H is surpassed, hydride precipitates form [1]. Hydrides are brittle 
phases which lower the strength of the claddings. Also, during the storage period as the 
cladding is cooled, the solubility limit of H is lowered significantly with the decrease in 
temperature, and the excess H  leads to the continued growth of hydride precipitates 
during the cooling process, which results in embrittlement of the cladding material and 
causes crack propagation; this phenomena is called Delayed Hydride Cracking (DHC). 
DHC has been considered the most limiting factor in the lifetimes of nuclear fuel rod 
claddings, and could cause serious environmental problems as well [2].   
Many experimental works have been done to better understand hydride 
precipitation and growth in Zr alloys [3-12].  Much has been learned from experiments, 
including the solubility limit of hydrogen in different Zr alloys [8, 9], hydrogen 
absorption rate and factors which affect hydrogen absorption [5], and some important 
information on the reorientation of hydrides during transfer from wet to dry storage [4, 6, 
13, 14]; however, more information is still needed in the areas of nucleation and growth 
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of hydrides, particularly to develop the capability to accurately predict this phenomena 
under varying conditions.   
In recent years, phase-field theory has been used to develop useful tools for 
studying and predicting nano and micro scale structures of materials [15-27].  There are a 
few phase-field models developed to study the phenomenological morphology (not 
having real time or length scales) of γ and ζ-hydrides in Zr [16, 18, 19, 22, 24-26, 28-30].  
Some of them simulated the effects of flaws such as cracks on the morphology of 
hydrides [18, 19], and some others studied the effects of applied stresses on hydride 
growth in single crystal and bicrystalline Zr [22, 25, 31].  More recently, temperature 
dependence was added to a few phase-field models to study hydride growth at non-
isothermal conditions [26, 29].   
The early models of γ-hydride precipitation were phenomenological and 
isothermal [18, 19, 25, 31, 32], and were only useful to determine the qualitative effects 
of stress, grain boundaries, and other factors on the preferred growth direction of 
hydrides.  While recent models of γ and δ-hydrides are made to be temperature dependent 
[26, 29], they still contain phenomenological free energy parameters chosen to match 
experimental data, therefore they cannot be considered as predictive tools.  To be able to 
develop quantitative and predictive phase-field models, real values for free energies of 
formation of different phases, interface energies between the matrix and the precipitates, 
and grain boundary energies for polycrystalline cases must be used.  In previous studies 
by Zhong and MacDonald [33], the temperature-dependent Gibbs free energy of 
formation of γ-ZrH has been studied and these data are available to construct the free 
energy functional for a quantitative phase-field model. However, interface and grain 
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boundary energies for the Zr-ZrH system are not available through either experiment or 
atomistic scale models. Although δ-hydrides are those most commonly seen in fuel rod 
claddings, all published computational work to date, with the exception of a single article 
on δ-hydrides [29], have been on either γ or ζ phases. Therefore, in order to build on 
previous works and address some of the limitations of the previous works, this study will 
focus on γ precipitates. In an attempt to provide a simpler and more quantitative model 
than those created previously, this work presents a phase-field model for γ-hydride 
precipitation, which employs a new free energy functional, uses all available material 
properties, and considers physical and meaningful values for the interface and grain 




2. PHASE-FIELD MODEL 
One conserved phase-field variable is used for hydrogen concentration, C , and 
three non-conserved structural field variables (also called order parameters), i  
( 1,2,3)i  , are used to represent the three orientations of hydride precipitates in the basal 
plane of Zr [1].  The total free energy of the system is defined as the summation of the 
chemical free energy and the elastic free energy: 
C elF F F  ,             (1) 
where CF  is the total chemical free energy and elF  is the elastic free energy as follows: 
 3 2
,
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             ,                     (2) 
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
             ,   
(4) 




                ,          (5) 
where f  is the chemical free energy density of the bulk, ij  (=I  for an isotropic 
interface where I  is the identity matrix)  and   are related to the interfacial free energy 
  between the matrix and precipitates and the width of the interface, T  is the 
temperature in K, ij  is the stress, ijklC  is the elasticity tensor, elij  is the elastic strain 
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assuming small elastic strains, 00ij  is the stress free transformation strain for each 
orientation variable, linear dependence on concentration is assumed to be negligible, and 
iu  are the displacements. Lattice mismatch strains were not included in this model in 
order to maintain the simplest model possible since the interaction between H atoms and 
hydrides have a minor role compared to the elastic effect caused by hydride formation 
and interactions between hydrides [22]. The relationship between the interface energy 
and gradient energy coefficient was given by Cahn and Hilliard [34], for a system having 
only one conserved field variable (concentration), and was recently derived for a system 
with concentration and non-conserved order parameters by Shi and Xiao [26].  f  is the 
standard state free energy of the equilibrium mixture of the hydride phase and the matrix. 
The value of f  was determined by running a 1D simulation to reach equilibrium and 
calculating the free energy of the system with no interface at that point. Using the same 
assumption made by Shi and Xiao [26] that 1ddC
   , and following the derivation steps 
in that paper, the interface energy of this system was calculated. To examine the validity 
of this assumption, we numerically determined the interface energy of the system by 
running a 1D simulation with an interface between the matrix and the precipitate. The 
interface energy was determined as the difference between the total free energy of the 
domain with an interface and that of a hypothetical system with no interface. The 
numerical calculation of the interface energy agreed well with the value calculated 
following the derivation of Shi and Xiao (less than 5% difference), therefore their 
assumption seems to be valid for our model as well. 
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While plastic deformation and dislocation loops have been shown experimentally 
to be important on the reorientation of hydrides upon dissolution and re-precipitation, no 
research has shown them to be significant in the initial formation of hydrides due to the 
fact that dislocation loops do not begin to form until after the initial precipitation of 
hydrides. Because of this reason and the fact that all the simulations in the current study 
were done on initial precipitation of hydrides with no dissolution involved, plasticity 
effects will be neglected. Future models should include plasticity to enable the study of 
hydride reorientation. Previous models have used Khachaturyan’s theory to model the 
elastic free energy [35].  The method used in this model avoids the necessity of using 
Fourier transforms, simplifying the numerical procedure. 
Previous phase-field models of γ-hydride precipitation have not connected the 
chemical potential of the phases in their total free energy functional with the actual Gibbs 
free energy formation of the Zr-ZrH-H2 system [18, 19, 22, 25, 26].  In this model, we 
use the Gibbs free energy of formation of γ-ZrH as defined by Zhong and MacDonald 
[33]: 
2
0 0 012f ZrH Zr HG G G G    ,     (6) 
0 4103 3.601Zr JG T mol      ,     (7) 
2
0 9488 152.2H JG T mol      ,     (8) 
0 88248 71.65ZrH JG T mol      ,            (9) 
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where 0ZrG , 20HG , 0ZrHG  are the Gibbs free energies of Zr, H2, and ZrH, respectively [33, 
36, 37].  This overall change in free energy was converted to units of 3Jm prior to 
implementation in our model using the molar mass and density of Zr with 6 at % H. This 
free energy of formation is incorporated into a double well polynomial to create a new 
chemical free energy density of the bulk: 
2 2 4 23 3 2 2
1 ,
( , , )
110 1 4 2 2
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m m m i if i ji i j im m m
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
                                                 
,
 (10) 
where mC  is the concentration of maximum hydrogen solubility in the matrix, and C  is 
the concentration of hydrogen in the hydride precipitates. In order to prevent the value of 
concentration from dropping below zero anywhere in the domain, an exponent term can 
be added to equation (9) to create a free energy wall (e.g.,  100 2e mC C  ).  This exponent 
term ensures that when the precipitates form and deplete a local area of H, the H 
concentration does not drop below 0 initially and it also causes the common tangents in 
the free energy equation to depend more on mC  than on G . The non-conserved field 
variables control the orientation of hydride growth, because there are three directions of 
possible growth per grain, three distinct variables are needed for each grain.  A three 
dimensional graph of the chemical potential is shown in Fig. 2.1 as a function of a single 
η and concentration.  The graph has local minimums at mC C , 0   and C C , 
1   , representing the matrix and precipitate phases, respectively.  The maximum 
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hydrogen solubility is defined using the equation given by Une et al. in 2009 defining the 
terminal solid solubility of precipitation of hydrides in wtppm which were converted to 
atomic fraction in simulations [9]: 
25,04243.27 10 RTmC e
     .    (11) 
 
Fig. 2.1: Dimensionless chemical free energy density as a function of concentration C and a single non-conserved order parameter ( i ). Chemical free energy density is non-dimensionalized by using 1 fG  ( mC  is taken at 623 K). 
 
2.1 GOVERNING EQUATIONS 
In order to simulate the time-dependent evolution of hydrides, the Ginzburg-
Landau equation is used for the non-conserved field variables, the Cahn-Hilliard equation 
is used for the conserved diffusion of Hydrogen, and the mechanical equilibrium equation 
is used to control the evolution of stresses and strains: 
3 2
,
i i ij ii ji
fL Kt
 
         ,                      (12) 
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2 2C fM Ct C          ,                                     (13) 
3 00 2, , 1
10 ( ( ) ( )) ( ) ( ( )) 02ij ijkl k lj l kj kl nnj jC u r u r n rr r
               ,  (14) 
 7 38( ),400/ 24.1 10 /RTM D e m s   ,                             (15) 
310iL M  ,      (16) 
where D  is the diffusion coefficient given by Shi and Xiao in [26], and iL  is chosen to 
be 103 times larger than the mobility since the main limiting factor on the formation of 
hydride precipitates is the diffusion of hydrogen; a similar structural relaxation 
coefficient was used in other diffusion-controlled systems,  such as in [26]. If iL  is too 
small the non-physical order parameters could affect the evolution of the hydrides. 
 
2.2 POLYCRYSTALLINE Α-ZIRCONIUM 
To simulate precipitation and growth of γ-hydrides in a polycrystalline α-Zr 
matrix, we included grain boundary energy as described by Ma et al. [25] as follows: 
 0 lnbE E A   ,             (17) 
 21 ( , )b iE E a r t   ,           (18) 
where 0E  and A  are material dependent constants and  is the misorientation angle in 
radians. bE  is the term controlling the grain boundary energy E  which is added to the 
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total free energy only on the grain boundaries, which are set to have a thickness of 
approximately 10 nm. All angles above 15 degrees are assumed to be equal. 
 In order to simulate the polycrystalline system, a method similar to that used by 
Mamivand et al. was used [27]. Since grain growth is not considered, no order parameter 
is needed to represent the grains themselves. The same three non-conserved order 
parameters as described in the single crystal model were used in the polycrystalline 
system, but the elasticity and eigenstrains were rotated about the z-axis depending on 
each grain orientation ( ) by: 
00 00Gij ik jl klR R  ,     (19) 
Gijkl im jn ko lp mnopC R R R R C ,          (20) 
where 00Gij  is the global transformation strain, ijR  is the rotation tensor, 00ij  is the local 
transformation strain for the given grain, and GijklC  and ijklC  are the global and local 
elastic stiffness tensors, respectively. For a 2D case, the rotation tensor for a given grain 
making a clockwise angle of   degrees with the global coordinate system is given by: 




3. RESULTS AND DISCUSSION 
Simulations were conducted in two-dimensional space in the basal plane of the α-
Zr matrix. Key material parameters used in the simulations are shown in Table 3.1.  The 
governing equations were solved iteratively in COMSOL Multiphysics software using a 
fully coupled solver.  Square elements with a mesh size of 4 nm were used, except for the 
polycrystalline case in which we used free triangular elements with a side size of 5 nm.  
For time integration, an adaptive time-step algorithm was implemented; at the initial 
stages of the growth, time steps less than 10−13 s were used to guarantee the convergence 
of the solution, and at the later stages of growth, time steps less than 10−7 s were 
sufficient to ensure the convergence. Simulations were run on a computer with 20 CPU 
cores and 128 GB RAM. Simulations of single seed cases were completed in ~8 hours, 
single-crystal isothermal cases with random nucleation were completed in ~84 hours, the 
polycrystalline isothermal case was completed in ~1 week, and the quench simulation 
was completed in 3 weeks. In all the simulations, periodic boundary conditions were 
imposed. 
First, to study the effects of using a homogeneous (using the stiffness of the α-Zr 
matrix for both matrix and precipitate phases) versus inhomogeneous (using different 
stiffnesses for the matrix and precipitate phases) stiffness matrix on the γ-hydride growth, 
precipitation from a single seed was simulated (circular seed with 0.1 μm diameter), and 
different elastic constants for the matrix and the precipitate were employed from Table 
3.1; the results were similar with homogeneous and inhomogeneous stiffness matrices.  
For simulations with inhomogeneous elasticity, the elastic tensors of the phase field must 
be calculated iteratively which increases the computational time. To avoid this 
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unnecessary increase in computational time, the homogeneous stiffness values were used 
for all the simulations.  The assumption of homogeneous elasticity is only correct for γ-
hydride growth, and models of ζ-hydrides have shown a significant dependence of 
growth morphology on the inhomogeneous stiffness coefficients [16, 24, 28]. In the only 
work on phase field modeling of δ-hydrides [29], a homogeneous stiffness matrix was 
used, so the effects of inhomogeneous elasticity on growth of δ-hydrides are not known.   
Table 3.1. Material parameters used in simulations for hexagonal close packed α-Zr matrix and face centered tetragonal γ-ZrH precipitates (elastic constants from [38-40]  and other parameters from [26]).  Property Value Property Value Property Value 
C11m 155 GPa C11γ 128 GPa   1*10-10 J/m 
C22m 155 GPa C22γ 128 GPa β  /( mC C  ) 
C12m 67 GPa C12γ 118 GPa   0.1 J/m2 
C33m 173 GPa C33γ 187 GPa A  2.5 
C13m 65 GPa C13γ 94 GPa 0011  0.55% 
C23m C13m C23γ C13γ 0022  5.64% 
C44m 40 GPa C44γ 55 GPa 0033  5.70% 
C55m 40 GPa C55γ 55 GPa C  0.5 
C66m 44 GPa C66γ 64 GPa E0 1 J/m2 
 
Simulations were done at three different temperatures, 573 K, 593 K, and 623 K, 
with the same initial conditions in order to determine any possible temperature effect on 
the shape and size of γ-hydrides. In this temperature range, elastic constants do not 
change significantly, and it is assumed that the interface energy also does not change 
significantly; for these reasons, the elastic constants given in Table 3.1 are used for all the 
simulations. Results from these simulations displayed a noticeable effect of temperature 
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on the thickness of hydrides formed as shown in Fig. 3.1 for growth from a single seed 
and in Fig. 3.2 for random nucleation (random noise initial conditions are used to initiate 
random nucleation, concentration ranges between 0.03 and 0.09 atomic fraction and non-
conserved order parameters range from 0.4 to 0.5). The nucleation portion of the model 
could be improved in future simulations by either implementing the fluctuations 
dissipation theorem or inserting discrete nuclei using classical nucleation theory [41, 42]. 
The main goal of the present work is to study the importance of using physical bulk free 
energies on the evolution of the hydride phase for which random seeding is sufficient. A 
high average hydrogen concentration of 6 at.% was considered for these simulations to 
ensure large area fractions of precipitates for better studying the evolution size and shape 
of precipitates. Due to the fact that γ-hydrides evolve over a very short time period, and 
only the final quenched state has been studied experimentally, the shape evolution of 
hydrides due to temperature change may have never been observed without small time-
step simulations. Isothermal shape evolution of γ-hydrides is not possible to study 
experimentally, because δ-hydrides form except under quench conditions. It is also 
possible that the ζ phase could be affecting the shape of the γ phase observed in 
experiments as it has been suggested to potentially affect the δ phase morphology [16, 24, 
28, 43]. In order to study this possibility a multi-phase model should be created including 
ζ, γ, and δ phases including accurate interfacial energies. The change in thickness of 
precipitates is most likely caused by the variation in chemical free energy contributions to 
the system. Under equilibrium conditions, the shape of precipitates is controlled by the 
competition between elastic energy and interface energy. However, in non-equilibrium, 
these results indicate that chemical free energy will have an effect on the non-equilibrium 
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shape evolution. At higher temperatures, the elastic contribution to the system becomes 
more dominant leading to thinner precipitates. Due to the fact that γ-hydrides are not seen 
under equilibrium conditions, this non-equilibrium shape evolution becomes a key 
observation to their final shape under quench conditions. When the temperature is 
ramped down from above the precipitation temperature as in our quench simulation, the 
results look similar to what is seen experimentally [44, 45].  
 
Fig. 3.1: Length to thickness ratio of hydrides at various temperatures. Domain size is 1μm by 1μm; simulation time is 0.003 s. Interface energies are the same, but higher driving force at lower temperatures effects the shape evolution of precipitates. 
Evolution of hydrides from random nuclei at 623 K in a single crystal α-Zr matrix 
is shown in Fig. 3.3. The random seeding was done with an initial random noise for C 
with a range of 0.03 to 0.09, and a random noise for non-conserved order parameters with 
a range of 0.4 to 0.5. All single crystal simulations (considering only one grain for the 
matrix and no grain boundaries) use an x-axis oriented in the 1120   direction and the y 
axis along the 1100   direction.  This figure shows maps of concentration, orientation, 
principal and shear stresses. The stresses compare fairly well with the Young’s modulus 
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of Zr of between ~100 GPa at room temperature to ~80 GPa at 600 K [46]. In simulation 
the calculated Young’s modulus based on the calculated stresses and strains is about 100 
GPa at 573 K which is slightly high. At 623 K the difference in free energy between the 
phases is very low, leading to less nucleation and a lower area fraction of hydrides with 
only 20% precipitates while the lower temperatures with higher changes in free energy 
had 28% hydrides. The lower concentration in the precipitates than the expected 50% is 
due to the fact that the elastic free energy increases inside the hydride phase.  This 
combined with a wide well in the hydride phase makes the precipitates settle in between 
the two zones, therefore in order to improve this model in the future a narrower well 
should be used in the chemical free energy for the hydrides. 
Temp (K) 623 598 573 C 
    
ηi 
    




Time  0.0004s 0.001s 0.003s 
C 
   
ηi 
   
σ11 
   
Shear 
   
Fig. 3.3: Maps for concentration  ( C ), order parameters ( 1 2 32 3    ), and principle and shear stresses (in Pa) for hydride growth at 623K. Domain size is 4μm by 4μm. 
In order to test actual experimental conditions, a simulation with temperature 
ramped linearly down from 630 K to room temperature was also run to simulate a quench 
over a timeframe of 0.3 sec. This is a fairly fast quench time which is chosen to decrease 
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the computation time. The results of the quench simulation showed that the large majority 
of precipitates are formed very early in the process, and very little change is seen in the 
system after descending below 570 K as there is no more hydrogen to form new thicker 
precipitates (Fig. 3.4). The length to thickness ratio of hydrides in Fig. 3.4 are fairly 
similar to those seen in the recent semi quantitative paper by Shi et al. [26]. The average 
length of hydrides in Fig. 3.4 is 1.09μm which is comparable to the average length of 
experimentally measured hydrides given by Bailey, 1.18μm [44]. [44]. These results also 
compare well with water quench experiments from 673 K and 600 K to room temperature 
conducted by Bradbrook et al [45]. The final step of the quench simulation is compared 
with the water quench experiment by Bradbrook et al in Fig. 3.5.  
Simulations were also run for a polycrystalline case at 573 K.  Periodic boundary 
conditions were used with the same initial average concentration of 6.5 at % H in a grain 
map shown in Fig. 3.5. As stated in the introduction, no experimental or computational 
data are available currently for the grain boundary energies of Zr, therefore the values for 
grain boundary energies were chosen to be within the range of values found 
experimentally for other materials [47, 48].  The grain boundary energies from smallest 
to largest are between grains 5-7, 0-5, 0-7, 7-15, 5-15, and 0-15;  (5-7 and 0-15 grain 
boundaries have the lowest and largest energy, respectively). The grains are shown giving 
the degrees of rotation about the  0001  axis from the single crystal simulations. The 
preliminary results in Fig. 3.6 show the expected high number of precipitates along 
higher angle grain boundaries (highlighted in red), and can be improved by adding the 
correct values of grain boundary energies found either experimentally or through lower 
scale modeling such as MD or DFT. 
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Fig. 3.4: Concentration map (Average concentration is 0.06 atomic fraction H)  of a quench simulation with temperature decreasing linearly from 630 K to 300 K. Domain size is 7μm by 7μm. 
 
Fig. 3.5: Final step of quench simulation (7 μm  by 7 μm) compared with water quench from 673 K by Bradbrook et al (approximately 9.7 μm by 5.3 μm) [45]. 
 t = 0.006 s; T= 623 K  t = 0.01 s; T= 609 K  t = 0.03; s T= 597 K 
   t = 0.06 s; T= 564 K t = 0.12 s; T= 498 K t = 0.3 s; T= 300 K 
  
64
      Grain map        t = 0.01 s 
  




The phase field model developed is directly linked to all available real material 
properties. While still in need of improvement in several areas, the evolution of hydrides 
predicted by this model indicate a possible previously unseen difference in shape 
evolution of γ-hydrides at varying temperatures, showing higher temperatures favor 
thinner precipitates. The production of thinner non-equilibrium precipitates at high 
temperatures is caused by the lower chemical free energy contribution to the system and 
domination of elastic strain energy at those temperatures. This non-equilibrium effect of 
the driving force on the evolution of precipitates indicates that using real chemical 
potentials could be extremely important in modeling the evolution and final non-
equilibrium state of metastable phases created through quenching. Quench simulations 
show that most of the nucleation and growth appears to occur very early in the quenching 
process at high temperatures when the diffusion of hydrogen is high, and this explains 
why experimentally observed γ-hydrides are thin and rod-like in nature. By the time 
lower temperatures are reached there is very little nucleation occurring. The simulations 
also show good comparison with experimentally observed γ-hydrides [44]. The 
polycrystalline simulation shows the expected higher concentration of precipitates along 
higher angle grain boundaries.  
As it has been noted in other papers [26, 29], the need of accurate interfacial 
energies is an important step in improving future phase field models of hydrides in Zr. 
The interfacial energy clearly has an effect on γ and δ-hydride morphologies as shown in 
results found by Shi et al [29].  Controlling the barrier height between phases with the 
correct activation energy is another important addition needed to improve the current 
  
66
model. For better polycrystalline simulations, correct grain boundary energies are needed. 
It is also important to study the free energy equation used in this model to determine the 
cause of the low concentrations and order parameter values of the precipitates. Despite 
these shortcomings, this model has potential to be expanded into a four phase model 
including α-Zr and ζ, γ and δ-hydride phases. Once a model is created which includes all 
phases as well as accurate interfacial energies, grain boundary energies, and activation 
energies, simulations can be done in a more predictive manner to determine the 
nucleation path leading to the more typical δ phase. With a multiphase model new studies 
can be done to directly test DHC in cladding materials, also study the reorientation of 
hydrides in the cladding. 
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ABSTRACT 
 A multiphase field model is developed to study the effects of metastable   and   
hydrides on the nucleation and growth of the stable   hydrides in   zirconium (Zr) 
matrix. The model incorporates all the possible phases using the Gibbs free energies of 
formation for each phase and the available material properties. The multiphase field 
model is constructed by utilizing one conserved phase-field variable to represent the 
concentration of hydrogen, and six non-conserved phase-field variables to represent the 
  phase,  phase, three orientation variants of   phase, and   phase. The evolution 
equations are coupled with the mechanical equilibrium equations and solved using the 
Multiphysics Object Oriented Simulation Environment (MOOSE). Nucleation of 
hydrides is controlled using classic nucleation theory, inserting nuclei randomly with a 
probability dependent on the competition between the hydride volume free energy and 
the interface area free energy to form critical sized nuclei. Simulations indicate that the 
intermediate phases are influential in the initial formation and evolution of   phase 
hydrides. Random seed simulations both in the basal plane and the  1010  plane also 
indicate that the intermediate metastable phases play a key role in the shape evolution of 
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  hydrides. Results suggest that quantitative phase field models of   hydride growth 
need to include intermediate phases in order to accurately predict the morphology of 
hydrides. 









Zirconium based alloys are commonly used as nuclear fuel rod claddings in 
commercial nuclear power generation. These alloys are used due to their low neutron 
absorption cross section of Zr and high ductility. Among the most important weaknesses 
of Zr alloys is their affinity for Hydrogen, resulting in formation of hydrides in the 
cladding, creating brittle sections, and leading to mechanical failure. In a recent review 
article, we summarized the experimental and computational efforts done during the last 
several decades to study the hydride formation mechanisms in the cladding material [1]. 
One of the major weaknesses in this area is that the previous studies did not consider all 
the possible metastable and stable phases that could affect the hydride formation in Zr.    
The four recognized phases of hydrides which can form in Zr are the metastable 
  (Zr2H) and   (ZrH) phases, and the stable   (ZrH1.5+x) and   (ZrH2) phases. Since   
phase is only seen at high Hydrogen concentrations and not seen in reactor operation, 
very little research has been done on   phase. Some experimental researches were 
completed on the   phase, with several studies on the conditions necessary to form   
hydrides and some recent arguments concerning the stability of the phase [2-6]. In 
general,   hydrides are still considered to be unstable with some possible special 
circumstances leading to a   to   transformation [1]. The   phase was only discovered 
in 2008 by Zhao et al., and it has been postulated to be potentially important in the 
formation and growth of the more stable phases [7-10].   phase is the most prevalent in 
nuclear fuel cladding materials. It is difficult to experimentally determine the effects of 
the metastable phases on the formation and growth of   hydrides due to the short time 
scales for the transformations. Computational modeling can provide insights into the 
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evolution of the microstructure over these small time scales and can show the potentially 
important effects of the metastable phases.  
Among the mesoscale models, phase Field Modeling has proven to be extremely 
useful in predicting microstructural evolution in many materials [1, 11-15]. In recent 
years several studies of various phases of hydrides have been done utilizing different 
phase field models [7-10, 16-23]. Most of these models were created for the   phase [7-
10] and the   phase [17-23], and there is only one study on the   phase [16]. This is in 
spite of the fact that   hydrides are the most commonly seen in claddings and are most 
detrimental to the mechanical properties of the cladding [1, 24]. The works on the   and 
  phases have cited the possibility that the intermediate phases could be important to the 
formation and evolution of the   phase. It is clear that the previous phase field models 
need improvement in order to predict the effects of intermediate phases on the formation 
path and shape of stable hydrides.  
Due to the lack of studies on phase field modeling of the   phase and the 
possibility that the metastable phases can have some important effects on the formation 
and morphology of   hydrides, this work propose a multiphase field model which 
includes three phases of hydrides. The multiphase field model uses all the available 
material properties from computational or experimental sources. It is important to note, as 
it was previously stated by others, that not all the interfacial energies between phases are 
available and thus some approximations or lower length scale simulations must be 
performed [16, 17]. Despite this shortcoming, this new model is the first model to include 
the effects of all possible phases on the nucleation and growth of the   phase.  
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2. MULTIPHASE FIELD MODEL 
To construct the free energy functional of the multiphase field model, one 
conserved phase field variable is used to follow the hydrogen concentration, C , and six 
non-conserved structural field variables, i , are used to represent  -Zr,  -Zr2H,  -
ZrH1.5+x, and the three eigenstrain variants of  -ZrH.  The total free energy of the system 
is defined as the summation of the chemical free energy and the elastic free energy: 
C elF F F  ,             (1) 
where CF  is the total chemical free energy and elF  is the elastic free energy as follows: 
,
( , , ) 2
n ijC i i ji jV
KF f C T d r          ,                            (2) 
1 1
2 2el el elel ij ij ijkl kl ijV VF dr C d r       ,       (3) 
6 600 00 2 00 2
1 1
( )( )1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 jel tot tot iij ij ij ij ij n ij nn nj i
u ru rr r r r n r n rr r        
            

     
,   
(4) 
where f  is the chemical free energy density of the bulk, ijK  is gradient energy 
coefficient which is related to the interfacial free energy between the matrix and 
precipitates, T  is the temperature in Kelvin, ij  is the generated stresses, ijklC  is the 
elasticity tensor, elij  is the elastic strain, 00ij  is the stress free transformation strain 
(eigenstrain) for each orientation variable, 1 2 3, , , , ,n       , considering the 
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corresponding values for each phase, and iu  are the displacements. In this model all the 
interfaces are controlled through the non-conserved order parameters. The non-conserved 
field variables also control the orientation of the   phase (three orientations for   
hydrides), and the elasticity for the entire system through enforcing different eigenstrains 
for different phases (last term in Eq. 4). 
A recent paper by Christensen et al. contains Gibbs free energies as calculated 
using ab initio molecular dynamics for each of the hydride phases [25]. These free 
energies of formation are used in our multiphase field model to control the chemical bulk 
free energy: 
19.65 0.0231 kJG T mol        ,        (5) 
39.47 0.0351 kJG T mol        ,        (6) 
46.37 0.0414 kJG T mol        ,        (7) 
where G , G , G  are the Gibbs free energies formation of each respective 
hydride phase.  This free energy of formation is incorporated into a double well 
polynomial to create a chemical free energy density of the bulk in MOOSE: 
   ( , , ) ( )ni i i i i iif C T h F g pk         ,      (8) 
  2 2 2 2 2
, , ,
( ) ni kl k lk l k l i j ki j k lg W h W h A          ,              (9) 
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  2( ) 1ni i iik h         ,              (10) 
 2100F C C   ,          (11) 
  218 1F G C C      ,                 (12) 
  213 ( 0.05) 1F G C C       ,          (13) 
  213 1F G C C      ,                (14) 
where C  is the concentration of maximum hydrogen solubility in the matrix before 
precipitation occurs, and C , C , and C  are the concentrations of hydrogen in the 
hydride phases. The constants inserted into Eqs. (11)-(14) ( A , A , A , and A ) control 
the bulk contribution to the interfacial energy as well as the tangents between the phases; 
these contacts were determined to construct the common tangent lines between different 
Gibbs free energy curves of the three hydride phase and the   Zr matrix. A total of six 
common tangent lines are needed:  - ,  - ,  - ,  - , - , and  -  tangent 
lines. In order to control the interface energy the ( )ig   is added to the bulk free energy 
with ijW  controlling the barrier height and A  chosen to be large enough to prevent three 
phases from coexisting in any given point. ( )ik   is a constraint which is forced to be 0 in 
order to ensure that the total weight of all phase free energy contributions is unity. This 
constraint is achieved through the use of a free energy penalty p  which forces the bulk 
free energy of the system to increase when the constraint function is not satisfied.  
  
78
The maximum hydrogen solubility is defined using the equation given by Une et 
al. in 2009 defining the terminal solid solubility of precipitation of hydrides in wtppm 
[26]: 
4 25,0423.27 10 expC RT
      .    (15) 
 
2.1 GOVERNING EQUATIONS 
In order to simulate the time-dependent evolution of hydrides, the Allen-Cahn 
equation is used for the non-conserved field variables, Fick’s diffusion equation is used 
for the conserved diffusion of Hydrogen, the interfaces are controlled by the non-
conserved variables, and the mechanical equilibrium equation is used to control the 
evolution of stresses and strains: 
2
,
ni i ij ii ji
fL Kt
 
         ,                           (16) 
2C fMt C
        ,                                     (17) 
00 2, ,
10 ( ( ) ( )) ( ) ( ( )) 02
nij ijkl k lj l kj kl ppj j
C u r u r p rr r
               ,  (18) 
where iL  is the structural relaxation coefficient, M  is the mobility.  The values of M  
and iL  are defined similar to the method used by Steinbach and Apel as follows [27]: 
2
2
DM d F dc

,              (19) 
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10iL M  ,                (20) 
where D  is the diffusion coefficient and iL  is chosen to be ten times larger than the 
mobility since the main limiting factor on the formation of hydride precipitates is the 
diffusion of hydrogen. The MOOSE phase field module is not yet capable of computing 
fifth order derivatives which would be necessary to use the fully quantitative mobility 
defined in Eq. 19. Therefore, a constant approximation was calculated and used in the 
simulations using the calculated derivative in the matrix as that is where diffusion will be 
the most important. For fully quantitative results this should be modified as soon as 
MOOSE has the requisite capabilities. 
 
2.2 NUCLEATION OF PRECIPITATES 
Nucleation of precipitates is controlled using the classical nucleation theory 
similar to the methods used by Schwen et al. on   precipitation in FeCr [28]. Using the 
following equations controlling the probability of nucleation, precipitates of the critical 
nucleus size were inserted depleting a localized zone around the precipitates: 
* nB
G
k TR N Ze  ,     (21) 
where N is the number of nucleation sites per unit volume, *  is the arrival rate of H 
atoms, Z  is the Zeldovich factor, nG  is the formation free energy for a critical size 
cluster of atoms controlled by the competition between the bulk precipitate energy and  
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the interface energy contributions, bk  is Boltzmann’s constant and T  is temperature in 
Kelvin. These parameters were determined using the same methods described in the work 
by Schwen et al. [28]. 
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3. MATERIAL PROPERTIES AND MODEL PARAMETERS 
Material parameters used in the model are shown in Table 3.1. Interfacial energies 
(noted as   in Table 3.1) between   Zr and   hydrides and between   Zr and   
hydrides were calculated by Thuinet et al. [29]. Interfacial energies between other phases 
are approximated based on coherency; between coherent phases it is assumed to be low 
similar to that calculated for the    interface, between incoherent phases it is assumed 
to be higher closer to the    calculated interface. Other material properties were taken 
from previous studies [9, 16, 17, 30]. All simulations were run at a temperature of 673 K, 
which is close to the expected temperature in reactor operating conditions. Energy units 
in simulations were converted to eV , and all length units were converted to nm.  
To determine the largest mesh size possible to obtain reliable results and also 
provide computational efficiency, the single   seed case was run with several different 
mesh sizes, and adapting meshing was utilized to ensure a fine mesh at the interfaces and 
large mesh inside the phases. The matrix mesh size (inside phases) at the largest mesh 
points was set to be 0.8 nm by 0.8 nm (square elements) for the random nucleation cases, 
and different mesh size of 0.1 nm, 0.15 nm, 0.2 nm, and 0.3 nm for the interfaces were 
tested. The results for the single seed simulations using these different interface mesh 
sizes were compared, and the growth rate and the final state of the   seed after 0.3 
seconds were found to be identical for all these cases, with the exception of the 0.3 nm 
mesh, where due to the large mesh the rounded edges of the growing seed became more 
square. The adaptive mesh for single seed simulations use square elements with the 
smallest mesh size of 0.15 nm and the largest mesh of 5 nm, and for all random 
nucleation simulations utilize the smallest mesh size of 0.2 nm and the largest mesh size 
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of 0.8 nm. This adaptive meshing algorithm provides the most reliable results with the 
smallest possible number of total elements in the system, ensuring computational 
efficiency. An example of the adaptive mesh evolution is shown in Fig. 4.1. 
Table 3.1: Material properties used in simulations for all phases. Elastic constants from DFT and experiment [31-33], Interfacial energies from Thuinet or approximated [29], gradient energy coefficients chosen to give interfacial energies noted, and stress free transformation strains given in [8, 16, 23]. Property Value Property Value Property Value Property Value 
11C   155 GPa 11C   168 GPa 11C   128 GPa 11C   63 GPa 
22C   155 GPa 22C   168 GPa 22C   128 GPa 22C   63 GPa 
12C   67 GPa 12C   89 GPa 12C   118 GPa 12C   28 GPa 
33C   173 GPa 33C   195 GPa 33C   187 GPa 33C   65 GPa 
13C   65 GPa 13C   67 GPa 13C   94 GPa 13C   44 GPa 
23C   13C   23C   13C   23C   13C   23C   13C   
44C   40 GPa 44C   29 GPa 44C   55 GPa 44C   93 GPa 
55C   40 GPa 55C   29 GPa 55C   55 GPa 55C   93 GPa 
66C   44 GPa 66C   44 GPa 66C   64 GPa 66C   101 GPa 
00ii  2.5% 15C   23 GPa   0.035 J/m2 k  0.2 eV/nm 
0011  0.55% 0011  4.6%   0.1 J/m2 k  0.2 eV/nm 
0022  5.64% 0022  4.6%   0.035 J/m2 k  0.2 eV/nm 
0033  5.70% 0033  7.2% ,   0.2 J/m2 k  0.2 eV/nm 
C  0.33 C  0.5 C  0.6 k  0.2 eV/nm 
A  100 A  18 A  13 A  13 
 
Idaho National Laboratory’s High Performance Computing cluster Falcon was 
used to complete the simulations. Multiphase random nucleation simulations used 560 
cores to solve simulations in about four weeks, two phase random nucleation used 320 
cores and completed simulations in 10-14 days, and the single seed multiphase 
simulations used 100 cores and completed in 2-3 days.  
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To calculate the constants ( ijW  and A ) in the free energy functionals that can 
produce the physical interfacial energies, the interfacial energies were numerically 
determined by one-dimensional (1D) simulations of two phase systems. Concentration of 
H was initially ramped between the two phases, and simulations were run to equilibrium. 
Interfacial energies were determined by calculating the total free energy difference 
between systems with and without an interface:   
( )ab tot a a b bf f x f x    ,     (22)  
where totf  is the total free energy of a two phase system with an interface (simulation 
run to equilibrium), af  is the free energy of phase a where ax  is the length of that phase 
in 1D (with no interface). The 1D simulations were run with the smallest mesh size to be 
used in the 2D simulations to ensure the accuracy of the numerically calculated interface 
energy. The desired interface energy of 0.01 J/m2 was obtained between   and  , and 
a similar method was used to find the constants producing the physical interface energies 
between other phases. The obtained values for the barrier parameters were 0.283,W   
0.294,W    1.34,W    0,W   0,W   0.534,W    0,W   and 2.7A   
where all W parameters were symmetric with the exception of the given    values. 
These barrier parameters were included using the MOOSE Asymmetric Cross Term  
Barrier Function Material, the Third Phase Suppression Material, and the Multi Barrier 
Function Material with a well-only option to negate the effects of the negative barriers 
outside of the range of 0 1i  .  
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4. RESULTS AND DISCUSSION 
Simulations of a single   seed were done in the basal plane of Zr with random 
nucleation of the following phases. Results in Fig. 4.1 show that the  phase may not be 
significant in the evolution of   phase due to the low anisotropy of   phase and slow 
growth rate of   phase before   nuclei form and grow. However, it appears that there 
may indeed be some impact from the   phase on the morphology of the   phase. 
Although the time between formation and disappearance of   phase is significantly 
shorter than of the   phase, the high anisotropy of the   phase leads to slight changes in 
the spherical growth seen in   single seeds. Previous studies have indicated that a much 
longer time is required for   phase to reach a thin rod shape before the formation of   
phase [9]. The low coherent interface energy between the   and   hydrides leads to a 
quick transition between the two phases making the effects of both intermediate phases 
small in the single seed cases. In the basal plane, using a simple two phase model and 
simulating   hydrides with no applied strains, a simple circle with no anisotropy is 
formed. If the system is run to equilibrium the   hydrides will still appear as circles. 
However, it is possible that the initial dislocations formed around the metastable phases 
may prevent or slow the transition to perfect circles from happening in reality. The 
current model would need to be expanded to include dislocations for this to be tested. 
Simulations with random nucleation were run to test the possibility that several   
precipitates may cause the   phase to be more important in the evolution of hydrides. 
An average concentration of 6 at % was used in all simulations with random nucleation. 
Phase field models made by Thuinet et al. have indicated that several   nuclei forming 
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near each other can have a strong impact on how quickly and how strongly anisotropy 
happens in that phase [8, 9]. From the results shown in Fig. 4.2 of a random nucleation 
case in the basal plane of Zr, it seems that anisotropy is not strong enough to have a 
significant effect before the formation of   hydrides, and   hydrides show a strong 
effect on the morphology of   hydrides in the basal plane. In a significant portion of the 
simulation time, all the six non-conserved order parameters were present in the domain. 
A magnified image in Fig. 4.3 shows all of the non-conserved order parameters.  
A comparison of the stresses caused by the phase transformations at various 
points in the simulation is shown in Fig. 4.4. The stresses caused in the hydrides and in 
the matrix are significantly higher in the   and   phases than in the   phase. This is to 
be expected due to the low transformation strains caused by the   phase.  
The results from Fig. 4.5 show a simulation where only the   phase is included 
for random nucleation in the basal plane (a two phase  -Zr to  -hydride transformation 
model). Comparing these morphologies to those in Fig. 4.2 and Fig. 4.3 shows that the 
shape evolution of the   hydrides is highly dependent on the intermediate   phase. The 
simple two phase model has very little anisotropy during the evolution of precipitates, 
while the multiphase model has some significant anisotropy when the   phase initially 
forms. It is likely that with a longer simulation time the anisotropy evident in the 
multiphase model would continue to dissipate until the two look very similar, but this 




    a. t = 0 sec     b.   t = 0.25 sec             c.   t = 0.27 sec 
    
         d.   t = 0.29 sec     e.   t = 0.3 sec  f.   t = 0.4 sec 
    
 g.   t = 0.29 sec h.   t = 0.3 sec   i.   t = 0.4 sec 
 
Fig. 4.1: Single seed of   transforming to   then  . High interface energy between   and   leads to long growth period of  ; a   seed start to form at 0.27 seconds then it transforms to  . The last row shows mesh evolution for d, e, and f time steps utilizing the adaptive meshing algorithm. Domain size is 50 nm by 50 nm.  Simulations were also run in the  1010  plane. The basal poles in a cladding tube 
are typically oriented nearly radially (vertical in the simulations), so these simulations are 
similar to the cross section of a cladding tube. In this plane, the   phase has high 
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anisotropy and forms thin rods when simulated as a single phase. Results from these 
simulations in Fig. 4.6 again show that the shape evolution of the   phase is highly 
dependent on the initially formed   hydrides which in this plane have a much lower 
anisotropy. The results can be compared to the results from the two phase simulation in 
Fig. 4.7. Given the distinct differences in the morphology of the simulations conducted 
including just   hydrides to those including all hydride phases, future models need to 
include both of the intermediate phases as well as dislocations and strain effects to 
determine the importance of those phases on the final shape and orientation of the   
phase.  
Many of the results obtained in this study are difficult to verify experimentally. 
The final microstructure could be analyzed and compared to experiments using similar 
conditions but as the metastable phases in the simulation occur in such a short time 
period, it is difficult to capture in situ in experimental conditions, and to the best of our 
knowledge no one has performed such experiments capturing the phase transformation 
from metastable to stable hydrides. However, the near final shape of   hydrides can be 
compared to experimental results.  
The beginnings of hydrides linking to form longer chains can be clearly seen in 
Fig. 4.6 and Fig. 4.7. The final microstructure of the   phase in these simulations 
compares fairly well with results seen in experiments by Arunachalam et al. in 1967, 
shown in Fig. 4.8 [34]. The Zr shown in Fig. 4.8 was charged with hydrogen at 700˚C, 
and then furnace cooled to room temperature. Basal poles in cladding tubes are generally 
oriented along the radial direction of the tube due to the manufacturing processes [35], so 
Fig. 4.8 shows the equivalent of a cross section of a cladding and should be compared to 
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Fig. 4.6 and Fig. 4.7. The simulations were run at temperatures and hydrogen 
concentrations similar to those seen in cladding operation and show similar final hydride 
fractions and orientations. The hydride area fraction in the experiments by Arunachalam 
et al. is around 12 to 13%, and in our multiphase simulations using a smaller domain, the 
area fraction is ~ 10%. The length of hydrides is much longer in the experiments because 
of a much longer growth time allowed in the experiments. Many of the simulated 
hydrides began to link and form longer hydrides prior to the final time steps.  
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    a. t = 0.001 sec    b.   t = 0.05 sec           c.   t = 0.07 sec 
     d.   t = 0.1 sec     e.   t = 0.12 sec           f.   t = 0.15 sec 
     g.   t = 0.2 sec  h.   t = 0.25 sec  i.   t = 0.3 sec 
 




Fig. 4.3: All six non-conserved order parameters are shown at the 0.2 second mark from Fig. 4.2. Domain size in the left is 250 nm by 250 nm. The zoomed in portion shows all six parameters competing in a small area. 
                c                  xu                 yu  
 
               11                 22                  12  Fig. 4.4: Stresses (GPa) and displacements (nm, images are shown with doubled displacements) caused by various phases at the 0.25 s mark. Stresses caused by   and   phases significantly higher than those caused by   phase. Domain size is 250 nm by 250 nm. 
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    a. t = 0.005 sec    b.   t = 0.05 sec  c.   t = 0.1 sec 
     d.   t = 0.15 sec    e.   t = 0.2 sec  f.   t = 0.3 sec  Fig. 4.5: Random nucleation of the   phase in a two phase  -Zr to  -hydride transformation model in the basal plane. Much less anisotropy is evident in the simple two phase model than in the comparable multiphase model of the basal plane shown in Fig. 4.2. Domain size is 250 nm by 250 nm. 
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    a. t = 0.005 sec    b.   t = 0.03 sec  c.   t = 0.07 sec 
           d.   t = 0.1 sec    e.   t = 0.12 sec  f.   t = 0.15 sec 
            g.   t = 0.2 sec    h.   t = 0.3 sec  i.   t = 0.5 sec 
 Fig. 4.6: Random nucleation of multiple phases in the  1010  plane. The difference is 




    a. t = 0.002 sec  b.   t = 0.05 sec  c.   t = 0.1 sec 
      d.   t = 0.15 sec  e.   t = 0.2 sec   f.   t = 0.3 sec 
Fig. 4.7: Random nucleation of the   phase in a two phase    model in the  10 10  plane. The difference is significant when compared with the multiphase results shown in Fig. 4.6. Domain size is 250 nm by 250 nm. 
 




5. CONCLUSIONS AND FUTURE DIRECTIONS 
A multiphase field model was developed to predict the effects of metastable   
and   hydride phases on the detrimental   hydrides. The comparison between the results 
of the multiphase model including the metastable phases and a two-phase model without 
metastable phases indicated that the nucleation and initial shape evolution of   hydrides 
are dependent on the intermediate phases; thus to accurately study the shape evolution of 
  hydrides one must consider the effects of the metastable phases. As the hydrides 
evolve beyond the nucleation and initial evolution steps, the morphology of hydrides in 
these two models become more similar.  
The simulations in this work were completed on unstressed Zr domains. The 
effects of metastable   and   phases on formation and evolution of   hydrides should 
be studied further by including formation of dislocations in the models, and considering 
applied stresses. It is possible that the intermediate phases could be more susceptible to 
strain reorientation, and the formation of dislocation loops prior to   formation may lead 
to a stronger effect of the metastable phases. The final shape of the hydrides may also be 
dependent on dislocation networks formed around the initial metastable hydride phases. 
Future models should include dislocation networks using a system similar to that 
described by Levitas et al. [36, 37].  
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 IV. EFFECTS OF EXTERNAL STRESSES ON FORMATION AND SHAPE EVOLUTION OF ZIRCONIUM HYDRIDES BY A MULTIPHASE FIELD MODEL 
The following work will be submitted to Computational Materials Science. 
Jacob Bair a, Mohsen Asle Zaeem a,*  
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ABSTRACT 
 A multiphase field model developed in a previous work is used to study the 
importance of metastable   and   hydrides on the formation and growth of the stable   
hydrides in an   Zr matrix under applied strain loading. Single seed simulations indicate 
that the intermediate phases are critical in the formation and evolution of   phase. Shear 
strain is shown to have a much larger and different effect on   hydrides than on the 
following phases, which may have a strong effect on the final   shape and orientation if 
dislocation loops are considered. Results indicate that quantitative phase field models of 
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Nuclear fuel claddings in operation are under constant hoop stresses caused by the 
pressure created by fission gases within the claddings. Other stresses occur during the 
transfer of claddings from operation to storage which can also have some effects on the 
hydride’s shape and orientation. Experimental research has proven the importance of 
stresses on the reorientation of hydrides in claddings [1-5]. Claddings are fabricated to 
create a microstructure that promotes mostly circumferential orientations of hydride 
platelets [6]; however, the reorientation of hydrides to radial direction leads to brittle 
fracture through the thickness of the cladding by a process known as Delayed Hydride 
Cracking (DHC). DHC has been called the most limiting factor to the lifetimes of nuclear 
fuel rod claddings [7, 8]. These previous experiential studies indicate that understanding 
the effects of stresses on the formation path of   hydrides is important for cladding 
materials both in operation and in transferring the materials from operation to long-term 
storage. In our recent review paper, we summarized in detail the impact of stresses on the 
orientation of hydride platelets [8]. 
The formation and shape evolution of stable   hydrides in zirconium alloys also 
depend on the metastable   and    phases. In a recent work, we developed a multiphase 
field model and studied the effects of metastable   and   phase hydrides in zirconium 
based nuclear fuel rod claddings without considering the effects of external loadings [9]. 
Although some phase field simulations have been done previously on the metastable   
and   phases under various applied loads [10-12], there is no published work showing 
the effects of stresses on the stable   phase. With the exception of our recent work, there 
is only one published phase field model which includes the   phase and it focuses on the 
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effects of interface energies and temperature gradients without including the metastable 
phases [13]. Significant differences in elasticity between the hydride phases indicate that 
applied loads will have a significantly different effect on those phases. As the metastable 
phases were shown to be important in the formation and shape evolution of   hydrides 
without an applied load, it is reasonable to assume that applying stresses could cause the 
impact of the metastable phases to be even greater. The lack of studies on this possibility 
is a significant shortcoming in phase field models made up to this point. For these 
reasons, this study focuses on the simulation of multiphase hydrides through the phase 




2. PHASE-FIELD MODEL 
This model uses the same theoretical process described in our recent work on 
multiphase modeling of hydrides without an applied load [9]. The difference is that where 
in that work the applied displacements were zero, here they are set to cause a fixed 
uniform stress on the material chosen to match stresses known from experiments to cause 
hydride reorientation [1-4]. Several different stress states are studied including hoop 
stress, radial stress, and shear stress in the cross section of a cladding tube. This model 
uses one conserved phase field variable to control hydrogen concentration C , and six 
non-conserved structural field variables i , one each for   Zr,   Zr2H,   ZrH1.5+x, and 
each of the three eigenstrain variants of   ZrH.  The total free energy of the system is 
defined as the summation of the chemical free energy and the elastic free energy: 
C elF F F  ,             (1) 
where CF  is the total chemical free energy and elF  is the elastic free energy as follows: 
,
( , , ) 2
n ijC i i ji jV
KF f C T d r          ,                            (2) 
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            

      ,   
(4) 
where f  is the chemical free energy density of the bulk, ijK  is related to the interfacial 
free energy between the matrix and precipitates, T  is the temperature in K, ij  is the 
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stress, ijklC  is the elasticity tensor, elij  is the elastic strain, 00ij  is the stress free 
transformation strain for each orientation variable, 1,2,3, , ,n      summing the values 
for each phase, and iu  are the displacements. In this model all interfaces are controlled 
solely through the non-conserved order parameters. By neglecting the gradient energy 
coefficient for the conserved order parameter, the computation time is significantly 
reduced. The same Gibbs free energies from Christensen et al used in the unstrained 
paper are used again here [14].  
The maximum hydrogen solubility is defined using the equation given by Une et 
al. in 2009 defining the terminal solid solubility of precipitation of hydrides in wtppm 
[15]: 
4 25,0423.27 10 expC RT
      ,    (5) 
 
2.1 GOVERNING EQUATIONS 
In order to simulate the time-dependent evolution of hydrides, the Allen-Cahn 
equation is used for the non-conserved field variables, Fick’s diffusion equation is used 
for the conserved diffusion of Hydrogen, the interfaces are controlled by the non-
conserved variables, and the mechanical equilibrium equation is used to control the 
evolution of stresses and strains: 
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where iL  is the structural relaxation coefficient, M  is the mobility as defined in the 




3. RESULTS AND DISCUSSION 
Material parameters used in the model are shown in Table 3.1. Interfacial energies 
(noted as  in Table 3.1) between   Zr and   hydrides and between  Zr and   
hydrides have been calculated by Thuinet et al [16]. Interfacial energies between other 
phases are approximated based on coherency; between coherent phases it is assumed to 
be low similar to that calculated for the    interface, between incoherent phases it is 
assumed to be higher closer to the    calculated interface. Other material properties 
were taken from previous phase field studies [13, 17-19]. The process used to determine 
the gradient energy terms and the barrier terms is explained in detail in the recent work 
[9]. All simulations were run at a temperature of 673 K, which is close to expected 
temperatures in reactor operating conditions. Energy units in simulations were converted 
to eV , and all length units were converted to nm. Idaho National Laboratory’s High 
Performance Computing clusters Falcon and Fission were used to complete the 
simulations. Simulations were run on single seed multiphase simulations using 100 cores 
and completed in 2 to 3 days. Mesh adaptivity was used to reduce computing power 
necessary, using a square grid with the largest mesh 0.8 nm by 0.8 nm and the smallest 
mesh was 0.2 nm by 0.2 nm at the interfaces. This mesh size was confirmed to give 
similar results to smaller mesh sizes (down to 0.05 nm) and thus was chosen to reduce the 
necessary computational time. 
Simulations of a single   seed were done in the  1010  plane, which is often 
seen in the cross section of cladding tubes, with random nucleation of the following 
phases. Results in Fig. 3.1 show the evolution of the single  seed into the   phase 
under no applied load. Hoop stresses occur naturally in cladding tubes due to the internal 
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pressure caused by fission gases created in operation. Therefore to determine the stresses 
necessary to cause reorientation of a single hydride seed, simulations were conducted 
first with applied tensile strains in the circumferential direction. When a hoop strain of 
0.021 is applied, as in Fig. 3.2, the   phase reorients in the radial direction. Smaller 
applied strains did not cause reorientation. The final steps of various applied tensile 
strains in the circumferential direction are shown in Fig. 3.3. 
Table 3.1: Material properties used in simulations for all phases. Elastic constants from DFT and experiment [20-22], Interfacial energies from Thuinet or approximate [16], gradient energy coefficients chosen to give interfacial energies noted, and stress free transformation strains given in [11, 13, 23]. Property Value Property Value Property Value Property Value 
11C   155 GPa 11C   
168 
GPa 11C   
128 GPa 11C   63 GPa 
22C   155 GPa 22C   
168 
GPa 22C   
128 GPa 22C   63 GPa 
12C   67 GPa 12C   89 GPa 12C   118 GPa 12C   28 GPa 
33C   173 GPa 33C   
195 
GPa 33C   
187 GPa 33C   65 GPa 
13C   65 GPa 13C   67 GPa 13C   94 GPa 13C   44 GPa 
23C   13C   23C   13C   23C   13C   23C   13C   
44C   40 GPa 44C   29 GPa 44C   55 GPa 44C   93 GPa 
55C   40 GPa 55C   29 GPa 55C   55 GPa 55C   93 GPa 
66C   44 GPa 66C   44 GPa 66C   64 GPa 66C   101 GPa 
00ii  2.5% 15C   23 GPa   0.035 J/m2 k  0.2 eV/nm 
0011  0.55% 0011  4.6%   0.1 J/m2 k  0.2 eV/nm 
0022  5.64% 0022  4.6%   0.035 J/m2 k  0.2 eV/nm 
0033  5.70% 0033  7.2% ,   0.2 J/m2 k  0.2 eV/nm 




    b. t = 0 sec       b.   t = 0.2 sec  c.   t = 0.25 sec 
             d.   t = 0.3 sec       e.   t = 0.4 sec  f.   t = 0.5 sec 
 
Fig. 3.1: Single seed of   transforming to   then  . High interface energy between   
and   leads to long growth period of  ,   seed formed at 0.25 seconds then transforms to  . Domain size is 50 nm by 50 nm. 
It is also known that compressive stresses tend to cause reorientation, so similar 
simulations were run with a compressive applied strain in the radial direction [8]. 
Reorientation of a single seed occurs after an applied compressive strain of 0.018 in the 
radial direction as shown in Fig. 3.4. This indicates that the impact of compression is 
slightly larger than the impact of tension on reorientation. Compressive strain in the 
radial direction also seems to cause the hydrides to grow more slowly in the directions 
opposite the applied strain. While in the simulations with the applied hoop strain the 
hydrides grew enough to link up under the periodic conditions with the other end of the 
hydride, in the radial strain case the final state did not expand all the way to the borders 
of the domain. 
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    a. t = 0 sec       b.   t = 0.07 sec  c.   t = 0.16 sec 
             d.   t = 0.5 sec       e.   t = 0.8 sec  f.   t = 1.3 sec 
 
Fig. 3.2: Single seed of   transforming to   then   under an applied tensile hoop strain (horizontal direction) of 0.021. Domain size is 50 nm by 50 nm. 
    a. 0.019         b.   0.02    c.   0.021   Fig. 3.3: Various strains applied in circumferential direction. Reorientation does not occur until a strain of 0.021. Domain size is 50 nm by 50 nm. 
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    a. t = 0 sec       b.   t = 0.2 sec  c.   t = 0.3 sec 
             d.   t = 0.4 sec       e.   t = 0.6 sec  f.   t = 0.9 sec 
 
Fig. 3.4: Single seed of   transforming to   then   under a radial (vertical direction) compressive strain of 0.018. Domain size is 50 nm by 50 nm. 
Little has been done to study the effects which shear stresses could have on 
hydride orientation. To test the possible effects of an applied shear strain, a simulation 
was run with an applied shear strain of 0.02. The results in Fig. 3.5 show that the   
phase is significantly reoriented showing much more anisotropy under the strain but the 
  phase at the end is only slightly affected by a small rotation in the counter clockwise 
direction. This may be significant if dislocations are considered in the model as there 
could be a memory effect leading to significant reorientation of the final   hydride shape 
if the   phase forms dislocation loops around its significantly different orientation prior 
to the formation of  . 
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    a. t = 0.05 sec      b.   t = 0.2 sec  c.   t = 0.3 sec 
             d.   t = 0.6 sec       e.   t = 0.8 sec  f.   t = 1.2 sec 
 
Fig. 3.5: Single seed of   transforming to   then   under a shear strain of 0.02 with displacement shown. Domain size is 50 nm by 50 nm. 
These strains necessary to cause reorientation of a single seed are significantly 
higher than the applied strains necessary to cause some reorientation experimentally. 
Colas et al found the threshold tensile stress necessary to cause 40% of hydrides in the 
cladding to reorient to be around 85 MPa, or a strain of approximately 0.001 [3, 4]. This 
may be due to one or both of two reasons; the effects of three dimensional stresses not 
accounted for in these 2D simulations, or the local strain areas created around hydrides 
caused by the transformation strains. Simulations of only the   phase presented in 
conference by Radhakrishnan et al showed that 3D single seeds of   hydrides reoriented 
after only an applied strain of 0.01, and in their 2D simulations an applied strain of 0.02 
was necessary [17]. Therefore it is possible that 3D simulations could provide more 
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insight into the stresses and strains necessary for reorientation and reduce the applied 
strain necessary. However, even 0.01 is ten times larger than the experimentally 
determined 0.001 necessary to cause 40% reorientation. In Fig. 3.6, the stresses ( 11  and 
22 ) are shown near the end of the simulation with no applied strains from Fig 3.1. It is 
evident from this figure that above and below the hydride is a transformation induced 
tensile stress in the circumferential direction ( 11 ), and a compressive stress in the radial 
direction ( 22 ). With only 40% of hydrides reorienting to the radial direction, it is 
entirely possible that those which did not reorient formed first, creating the necessary 
localized stresses around them which combined with the much smaller applied stress 
caused the final 40% to grow in the radial direction. To test this possibility, several 
simulations were run with two seeds placed in various close locations to see if there is 
any effect on the neighbors orientation under slightly smaller applied strains than those 
necessary to cause reorientation of a single seed. In Fig. 3.7, two seeds were placed side 
by side and while they clearly interact with each other, the final orientation is not 
changed. When the seeds were placed one above the other, in the area where the 
transformation stresses are stronger, neither seed reorients to grow in the radial direction 
as shown in Fig. 3.8.  
The high stresses necessary to cause hydride reorientation are similar to those 
seen in a report from Radhakrishnan et al from Oak Ridge National Laboratory [17]. 
Their results showed that the strains necessary to cause reorientation were significantly 
larger in 2D simulations and 3D simulations for their simple two phase model. The 
strains which cause reorientation in experiment are known to be significantly lower, on 
the order of 85 MPa for 40% reorientation [1-4]. The reason for this may be from the 
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effects of the transformation strains creating local areas of high stress near some 
hydrides, causing their neighbors to reorient in some cases. The two seed simulations do 
not produce reorientation at lower strains, however, this is not enough to conclude that 
the local stresses caused by the formation of hydrides is not the cause of the lower strains 
necessary. It is possible that in the case where there are many hydrides fully formed and a 
new seed forms directly in the stress zone around those fully formed hydrides the new 
seed could reorient and grow. To test this hypothesis a random seeded simulation could 
be run to verify whether the localized stresses may reduce the applied strain necessary to 
produce reorientation. Grain boundaries are also known to have an effect on the 
orientation of hydrides, and a polycrystalline case may also reduce the strains necessary 
to cause reorientation somewhat [8]. Determining the importance of these various 
possible factors in the reorientation of hydrides could provide insights into the most 
important avenues of research moving forward to prevent reorientation.  
It is also important to note that the simulations under applied strain took 
significantly longer to fully transform to   hydrides than the unstrained cases. Due to 
this limitation, random seeded simulations could take up to two to three months to 
complete with high powered computing since random seeded cases for no applied strain 
needed a full month to complete. Therefore it was not considered feasible to complete 
several random seeded cases in this initial testing of applied strains unless the model’s 
computational efficiency can be significantly improved. 
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   Fig. 3.6: Stresses (In GPa) near the end of the unstrained simulation from Fig. 3.1. There is circumferential (11 direction) tension above and below the hydride of around 170 MPa and some radial compression in these same areas of around 40-50 MPa. 
    a. t = 0 sec       b.   t = 0.1 sec  c.   t = 0.2 sec 
             d.   t = 0.3 sec       e.   t = 0.5 sec  f.   t = 0.8 sec 
 




    a. t = 0 sec       b.   t = 0.1 sec  c.   t = 0.2 sec 
             d.   t = 0.3 sec       e.   t = 0.5 sec  f.   t = 1.2 sec 
 






 Phase field simulations were run predicting the importance of metastable   and 
  hydride phases on the more detrimental   phase hydrides under an applied strain. 
Results indicate that the shape evolution of the   phase is dependent on intermediate 
phases and thus should not be studied excluding those phases. Simulations of a single 
hydride seed in 2D required strains of 0.021 tension in the circumferential direction, 
0.018 compression in the radial direction, and 0.02 in shear strain to cause significant 
reorientation in the final   hydride shape. The final shape of the hydrides may also be 
highly dependent on dislocation networks formed around the initial metastable hydride 
phases, especially in the shear strain case where dislocations forming around the initial 
highly reoriented   phase may impact the final orientation of the   phase more than in 
these simulations. Future models of the system should include dislocation networks using 
a system similar to that described by Levitas et al [24, 25].  
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2. CONCLUSIONS AND FUTURE WORK 
2.1 USING PHYSICAL VALUES FOR FREE ENERGY 
The results from the γ hydride model using physical free energy values shows the 
extreme importance of using real free energies to obtain quantitative results, especially in 
situations where there is an extreme change in the free energy, such as a quench to form γ 
hydrides. The vast difference in driving force between temperatures in this case will have 
a direct effect on the shape evolution of the phase, and thus should not be approximated 
or made to fit experimental data. In order to be considered fully quantitative and 
predictive models, all real material properties should be used.  
 
2.2 IMPORTANCE OF METASTABLE PHASES 
The results from multiphase simulations indicate that the shape evolution of the δ 
phase of hydrides is highly dependent on the intermediate phases initially. However, the 
final shape of the hydrides seems slowly become less dependent on the intermediate 
phases and it is likely that if simulations were continued to equilibrium the results would 
be difficult to distinguish between the two phase and the multiphase models. In spite of 
this, it is not possible to completely eliminate these metastable phases with the current 
data as unimportant for the final δ hydride shape.  
 
2.3 FUTURE WORK 
Dislocations are known to play a key role in the reorientation of hydrides, and it is 
entirely possible that the formation of dislocation loops during the growth of intermediate 
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hydride phases could increase their significance in effecting the final shape and 
orientation of δ hydrides. Future models should include dislocation networks using a 
system similar to that described by Levitas et al. [15, 16].  
Further atomistic modeling efforts need to be undertaken to provide unknown 
interfacial energies and anisotropies of the hydride-hydride and hydride-Zr interfaces, the 
grain boundary mobility coefficients, and grain boundary energies of polycrystalline Zr 
and Zr alloys which can be influenced by H and alloying element concentrations. These 
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